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1. Introduction



One of the main discoveries in discrete mathematics recentfy has been that of a
GRAPHON

By Lovadsz cmc[ ﬁlS g?’OHJO OLTOMHC[QOO6.

A graphon is an uncountable limit of a sequence of finite graphs.
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Clnfact, agmjoﬁon is a a measurable function " : [0,1] X [0,1] — [0,1] which
represents the sequence (G, : n < w) in the sense that certain gmyﬁ invariants

are tTClYLS/f@T’T@C[.



For examja[e, the graph homomorphism density is tmnsfewec[:

lim,_ #(F,G,) = | I; jepiryl (6 X) g, pdx;
hom(F, G)

G|"

[0, 1)

for every finite graph F, where #(F,G) =

There is a notion of metric convergence for the sequence (G, : n < )

associated to this, cut metric.
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‘Mcmy other notions of combinatorial l[imits have been introduced since, many
ayy(ications founcf and many awards gainecf. We mention one, as an imyressive

examjafe :

ERC Synergy Grant 2018, 1st in Mathematics

Project: Dynamics and Structure of Networks (DYNASNET)
ERC funding: 9.315 million for 6 years
Researchers and Host institutions:

R
X l
S

Albert-Laszl6 Barabasi Laszlo Lovasz Jaroslav Nesetril
Central European Hungarian Academy ofCharles University in
University, Budapest Science Prague

]



An examjofe ofa genemfisam’on of(gmjoﬁons is the idea ofmodeling:

The om’gina[ idea
lim, oo #F, G,) = [ 1 el (s ) gy
o hom(F, G)
for every finite graph F, where #(F, G) = 7
|G|

works well for sequences cf dense gmyﬁs but is rather information-ﬁ’ee for sparse
gmyﬁs, as we get 0 in the [imit.

To capture sparse gmpﬁs, a new tﬁeory was needed, cfevefopec[ By CBenjamini-
Schramm and furtﬁer Ey Nesetil and Ossona de Mendez. ‘A unifying tﬁeory was
given 6y the latter authors tﬁrougﬁ the notion of

FIRST ORDER CONVERGENCE

which leads to the [imit notion called modeling. In the case ofa sequence ofcfense

gmyﬁs, a ?’VLOC[Q[l’Tlg 1’60[11(365 to a gm}aﬁon.
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2. Connections to model

tﬁeory



2.1 ‘FO convergence

Let T bea finite relational [cmguage and (A, : n < w) a sequence of

finite T-structures.
lego(xl, X)) 1S a CFOformufa we cfefine the Stone pairings (p,A,),
wﬁicﬁfor any n is tﬁejoroﬁaﬁifity that a random k-element subset
of A, satisfies @ :
[{a€Ay: A F glal}]
| AL

(p,A,) =

Then{A : n< w) isa FO-convergent if lim,_, (¢, A,)

exists for all .

In various situations there is a standard Borel space (so uncountable) A
which is a t-structure and which satisfies (¢, A) = lim,_, (¢,,A) for all
@. This is the modeling. The notion encaysufates gmyﬁons.



2.2. ﬂ&TCf/}OO’WQTS OLTLC[ LO@B measures

While cfeve[oping the notion ofa ﬁyyergmyﬁon, Flek anoszegec[y (2012)
considered an ultraproduct I1,c (H,, u, )/ U, where p, is the counting
measure on H , % is a ’non-ym’ncipa[ u[tmfi[ter on w and the ﬁyyergm}oﬁon

is obtained tﬁrougﬁ a certain Se]oamﬁfe quotient

In fact, this construction is a syecia[ case of the classical Loeb’s measure on

u[tmjoroofucts (1975) cmc[a counmﬁfy genemteofsuﬁstrucmre.

n Joarticu[m, any gmjoﬁon can be obtained in this way.

‘U[tmjaroafucts gmjoﬁons

This idea has been extended to measure preserving actions by Conley, Kechris and Tucker-Drob in

Ultraproducts of measure preserving actions and graph combinatorics (2012)



2.3 ?seu&)ﬁnite o@’ects — uﬁ“rcgoowers of finite
o@’ects

Model tﬁeor_y of such oﬁjects is well understood (see the work of Hrushovski and
others)and has been used to obtain cfeqo combinatorial results (for examjofe the work
of Chernikov). We shall review one, and then mention a result of ours with Tomasic

that connected that with gm}oﬁons.

Fact: The space cf gmyﬁons is compact in the cut metric.

This is Jorovec[ using Szemeredi Regu[mity Lemma

Tao (2012) proved Tao’s algebraic regularity Lemma,

as shown on the next slide.



Lemma 1 (Algebraic regularity lemma) Let /' be a finite field, let
V., W be definable non-empty sets of complexity at most A7/, and let
E C V x W also be definable with complexity at most /. Assume
that the characteristic of Fis sufficiently larg_e depending on )\/. Then
we may partition V' =V, U ... U V,,andW =W, U ... U W,
with m, n = O,,(1), with the following properties:

e (Definability) Each of the /7, .. .. Vin, Wi, ..., W, are
definable of complexity /(1)

e (Size) We have |V;| >, |V|and|I/I]| > |W | for all
t=1,...,mand j =1,... n.

e (Regularity) We have
|E N (A x B)| = dy|A||B] + Ox(IF|THVIW])  (2)

forallz=1,....m,j=1,...,n,ACV,and B C W,
where d;; is a rational number in [(), 1| with numerator and
denominator () ,(1).




Starchenko and ?iffay (un}ouﬁfisﬁecf Jorey’rint} and
incfejoencfentfy Hrushovski ([etter to Tao), gave a ]oroof using the
tﬁeory of ]oseuc[ofinite ﬁ’e[c[s which removes the requirement of
[arge characteristics.
@éamonja-’f omasi¢ (submitted) gave a Joroof using gmyﬁons, which
im]airec[ us to prove the foffowing genem[ theorem, regard'ing

0-1 g?’CLJOHOHS.

Theorem. In the space of graphons, the set of accumulation
points of the family of realisations of a definable bipartite graph
over the structures ranging in an asymptotic class is a finite set
of stepfunctions.

(suggestea[ in the Jam’vate correspom[ance of Hrushovski to T ao)



What is an asymptotic class ?

It is a certain ﬁerecfimry class of finite structures.

Definition 3.5. Let C be a class of finite structures (considered a cat-
egory with substructure embeddings). We say that C is an asymptotic
class (in the sense of [8] and [3]), if, for every definable set X over S,
the exist

(1) a definable function py : S = Q,
(2) a definable function dx : S — N,

so that, for every € > 0 there exists a constant N > 0 such that for
every F' € C with |F| > N and every s € S(F),

Macpherson 1X,(F)] — pax (5) FI*| < e[ P20,
and Steinhorn

“The gmyﬁons genemteof Ey gmyﬁs coming from a certain

ﬁerecfimry class are simp(e”



2.4 Connections with ages and classification
theory

Question: Suppose that @ is a ﬂereditary class of gmyﬁs. Which
conditions on & guarantee that the gmyﬁons genemteo[ Ey gmyﬁs in &

are “sim}ofe” ? For exa,m}ofe, have values 0 and 1.

‘An exam]o[e of a ﬁe’recfitary class is the age= all finite substructures
ﬂge((j) of a cou’ntaﬁfy infinite first order structure G.

For examjafe, a structure obtained tﬁrougﬁ a Fraissé construction.

G

ﬂf we know a model-theoretic cfassification of G,

hat can we say about the gmjoiions genemtec[ Ey Sztge((j)?



Very interesting theorems have been proven Ey Lowisz-Szegecfy (2012),

which, translated in the [om(guage of model tﬁeory, imjo[y tﬁings [ike:

Theorem (Lovasz-Szegedy 2012) Suppose that G is a NIP graph.
Then every graphon obtained from Age(G) is 0-1 valued almost
everywhere.

There is no mention ofﬂ\fﬂ? n tﬁeirjmjoer, tﬁey rather speaﬁ of

\/ajoniﬁ-éewonenﬁis dimension. But some translation using theorems

from modé[tﬁeory gi\/es tﬁe CLBO\/Q.

Fact. Stable gmpﬁs are ‘NIP,



A very extensive stucfy cf model tﬁeory in metric structures, incfucfing measure
a[geﬁms with the mesure cf the set cﬁﬁerence metric was given By Ben Yacov,

Beresnikov, Henson nd ‘Usvyatsov in “Model tﬁeory for metric structures” 2008



3. Countable versus

uncountable limits



The discussion about the connection between the properties of a

prop
ﬁereo{imry class versus the sﬁaye of the of gmpﬁon space that it
generates, illustrates that there is a connection between the countable

ﬁMifS cmcftﬁe MHCOUHTZCLB[Q ones.

COUHt@B[@ H?’HifS we ﬁave seen SOfCl?’.’ a Simjo[e union or a Fraissé [171111'
UHCOLLHI'CLB[@ [iMil'S we ﬁcwe seen SOfCl?’.’

u[trayroo[ucts, gT&lJO ﬁOTlS, THOC[Q [ings

The connection exists but is not sim}ofe.

Tdea: cﬁcmge the countable [imit to better reffect the Joroyerties of the uncountable
[imit, nomﬁfy tﬁrougﬁ cﬁanging the [ogic.



What is a [ogic?

‘Most Jaeo]o[e would answer that it is some synmcn’ca( way of generating
formufas, usua[fy tﬁrougﬁ a recursive afefinition, such as FO fogic,
connected to a semantical notion of inter]areting these formufas, agm’n
recursivefy, By a Jefinition [ike Tarski (\/augﬁt)’s cfeﬁ’nition of truth.
Q—(owever, in abstract model tﬁeory, a suﬁject indeed started By Tarski
and \/augﬁt in the 1950s, there is much more variety as to what a [ogic
migﬁt be and the semantic and syntax are not necessam’[y connected. We
were much inspirecf By the work @C‘KarofCa’r}ofrom 1959 to 1974, on
chain [ogic. (Chain [ogic has notﬁing to do with this context, it was
invented for singufar cardinals).
In a Diamonja-Vc‘ic‘inc’inen paper on connections between chain [ogics and
Shelah’s [ogic LK1 (to appear in Israel Journal of Mathematics), we used
the foffowing way of fmming abstract fogics and a way to compare them
using Chu tmnsforms. The concepts in the abstract were studied By

Garcia-Matos and Vidndnen (2005).



Definition 1.1 A logic is a triple of the form £ = (L, =g, S) where ¢C
S x L and S comes with a notion of isomorphism, usually understood from
the context. We think of L as the set or class of sentences of £, S as a set

or class of models of £ and of =¢ as the satisfaction relation. The classes
L and S can be proper classes.

To[[owing Shelah:

Definition 1.2 A logic (L, =g, S) is nice iff it satisfies the following require-
ments:

e for any n-ary relation symbol P and constant symbols ¢, ...c,_1 in T,
Plcy, . ..¢,-1] is a sentence in L,

e L s closed under negation, conjunction and disjunction,

o foranyp € L and M € S, M ¥¢ ¢ if and only if M |=¢ —p,

o M =g o1\ iff M =g 1 and M |=¢ o, and similarly for disjunction,

o for any M € S, a € M and a sentence ¥[a] € S such that M ¢ v[al,

we have that M |=¢ (3x)¢(z), and conversely, if M =g (3z)(x) then
there is a € M such that M =g ¢[a],

o if My and M, are isomorphic models of T, by some isomorphism f,
and if both My, M, are in S, then for every ¢ € L we have M, =g
Plao,. . an,] iff My o 0lf (@), - - Fan)]



7 have been interested to use these ideas to introduce new [ogics on
countable models which will be used to relate them to uncountable models
obtained as combinatorial [imits. The fo(fowing is my work in progress

on this suﬁject



3.1 The u[tng[i[i“er [ogic, a simjofe examyﬁe

Let %/ be a non-principal ultrafilter on @ and let 7 be a finite
relational language.

Let L be the set of all FO sentences in 7.

S consists of all countably infinite 7-structures M accompanied with
an increasing decomposition (M, : n < w) of M.

Forp € Land M € S we define M ko, piff {(n<w: M, F ¢} €.
Then one can check that (L, Fo/ S)forms a nice [ogic. A simy[e

consequence cf £0s’s tmnsfer theorem for FO fogic is the foffowing

Observation. M ko, @ iff I, __ M, /2 F .

n<w

T ﬁerefore we obtain a way to inter]oret the u[tmfi[ter tﬁrougﬁ a

countaﬁfe WLOO[QE



3.2 The moc[e[ing [ogic

Let 7 be a finite relational language and let L be as in the previous
example, the set of all FO sentences over 7. Let S be as in the
previous example, the set of all countable infinite 7-structures M
along with an increasing decomposition (M, : n < ).

Now we cfeﬁ’ne the mocfeﬁng satisfacm’on relation Ey saying
ME , @ iff lim,_ (o, M,) = 1.

Lemma : If there is a modeling A of (M, : n < w), then

M E , @ iff A E @. In this case, the modeling logic (L, F ,,S) is a
nice logic.

So now we ﬁave a COUthE[é ‘mirror’ oftﬁe uncounmﬁfe mocfeﬁ’ng.



3.3 Com]oaring [ogics

We shall take a [ine from computer scientists, who stuc[y Chu tmnsforms.
In set tﬁeory a similar concept is called Gallois-T1 uﬁey tmnsform.

Garcia-Matos and Vidndnen used Chu tmnsforms to compare [ogics.

Definition. Let X = (L, F,S)and &' = (L, E',S’) be two logics.
We say that (L, F ,S) < (L, E', S') iff there is a pair of functions
(f,g)suchthatf: L - L', g: §"— S onto, and the adjointness
condition holds, which means M' F' f(p) < g(M') E ¢

Heuristic truth sujo]oortec[ By various theorems. If & < &’ then the
“nice properties” of £’ are inherited by Z.
Lemma. The modeling logic is < the ultrafilter logic.

Transferjarinc?p[es ala fos ...



3.4 The a@oritﬁmic aspects

We can o[@(ine various others [ogics which measure how fast the sequence
of ﬁ’nite models converges and use methods of finite model tﬁeory.
Material for another talk ...
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