ANALYTIC AX-KOCHEN-ERSOV THEORY WITH LIFTS OF
THE RESIDUE FIELD AND VALUE GROUP

NEER BHARDWAJ AND LOU VAN DEN DRIES!

ABSTRACT. We develop an extension theory for analytic valuation rings in
order to establish Ax-Kochen-Ersov type results for these structures. New
is that we can add in salient cases lifts of the residue field and the value
group and show that the induced structure on the lifted residue field is just its
field structure, and on the lifted value group is just its ordered abelian group
structure. This restores an analogy with the non-analytic AKE-setting that
was missing in earlier treatments of analytic AKE-theory.
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1. INTRODUCTION

In the 1960s Ax and Kochen [2, 3, 4], and Ersov [16, 17, 18, 19] independently,
developed a model theory for henselian valuation rings with significant applications
to p-adic number theory. Since then there have been many generalizations and
refinements, and AKE-theory remains a very active area of research. For example,
in the 1980s Denef and van den Dries [11, 12] treated the ring of p-adic integers
with analytic structure given by (restricted) power series. This led to the solution
of a problem posed by Serre [27], and to a theory of p-adic subanalytic sets. Using
“separated” power series this was upgraded to a theory of rigid subanalytic sets over
henselian valuation rings equipped with a richer analytic structure, by L. Lipshitz,
Z. Robinson, R. Cluckers, see [24, 25, 9, 7, §].

IThe authors thank the Fields Institute and the Simons Laufer Mathematical Institute for hospi-
tality during the preparation of the paper.
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An interesting part of the original AKE-theory has so far not been extended to
this analytic setting: in the equal characteristic 0 case one can add a predicate
for a coefficient field (a lift of the residue field to the ambient field), and then the
structure induced on this coefficient field can be shown to be just its pure field
structure; likewise for a monomial group, that is, a lift of the value group.

In the analytic setting, there is only a partial result in this direction by Binyamini,
Cluckers and Novikov [6, Proposition 2], and the usual approaches to analytic AKE-
theory—based on direct reductions to ordinary AKE-theory by Weierstrass division
“with parameters”—cannot be adapted to cover fully the induced structure aspect,
as far as we know. Their partial result inspired us to try another approach.

We do indeed obtain the expected induced structure results in an analytic setting
by developing a theory of analytic valuation rings in closer analogy with ordinary
valuation theory. Weierstrass division is still key, as in [11, 12], but now in a
different way. In an earlier version of the present paper, now in [5], this was
done by elaborating, generalizing, and cleaning up substantial parts of [15]. The
cleaning up was necessary because we noticed problems with [15, Lemma 3.1], and
to remedy it we had to pass to finite extensions, with additional complications. We
found subsequently that a somewhat different and more general approach to similar
issues was already available in [9, 7]. So in our Section 9 we quote and slightly adapt
instead relevant results from those sources, saving some 15 pages compared to this
earlier version. Much of our analytic valuation theory is characteristic-free, but
for the analytic AKE-results in Section 10 we require that the valued field be of
equicharacteristic 0.

More on induced structure. Here we state in detail a typical case of our result
on induced structure. First we say what it is in the classical (non-analytic) setting.
Let C be a (coefficient) field. This yields the valuation ring C[[t]] of formal power
series in one variable ¢ over C. We now expand the ring C[[t]] to the structure
(C[[]],C): aring with a distinguished subset. Then a classical “induced structure”
result is that if char C' = 0, any set X C C™ which is definable in (C[[t]],C) is even
definable in the field C. (This can be proved along familiar lines, so we consider it
as folklore knowledge, though we do not know an explicit reference. It seems this
is still open for char C' > 0.) Here and below, n ranges over N = {0,1,2,...} and
“definable” means “definable with parameters from the ambient structure”.

We now equip C[[t]] with analytic structure as follows: for each n we have the
(Tate) ring A(Yy,...,Y,) of restricted power series in the distinct indeterminates
Yi,...,Y, over A= C[[t]]: it consists of the formal power series

f=fn,. .Y = z:a,,Yl'/l---Y”"7 v=(v1,...,V,) ranging over N"

with all a, € A such that a, — 0, t-adically, as |v| = v1 + - - + v, — co. Each such
f gives rise to an n-ary operation on C[[t]], namely

y = Wu-om) = fn, ) 2 ClIE" — Ol

We expand the ring C[[t]] to C|[t]]an by taking each such f as a new n-ary function
symbol that names the above n-ary operation on C[[t]]. Further expansion yields
the structure (C[[t]]an, C), and now our new induced structure result says that any
set X C C™ which is definable in (C[[t]]an, C) is even definable in the field C. (For

example, any subset of C definable in ((C[[t]]an, (C) is finite or its complement in C
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is finite.) In fact, our induced structure result, Corollary 10.5, is stronger and more
general in several ways, for example in also allowing ¢ as a distinguished subset of
C[[t]]. For various reasons it is more convenient to take the fraction field C((t)) of
C[[t]] as the ambient ring, equipped with its natural valuation to recover C|[[¢]]. For
C = C we obtain [6, Proposition 2] as a special case, as explained in Section 10.

Contents of Sections 2—11. We begin with a brief section on henselianity. Next
a section on ultranormed rings and restricted power series over them, including the
Weierstrass theorems. At the beginning of Section 4 we define for any complete
ultranormed ring A subject to mild conditions the notion of A-analytic ring: each
n-variable restricted power series over A yields an n-ary operation on any A-analytic
ring. Starting in Section 5 we specialize to the case that A is noetherian with an
ideal o(A) # A, such that (), o(A)™ = {0} and A is 0o(A)-adically complete.

In Section 6 we define A-analytic valuation rings and establish basic facts about
them. In Section 7 we treat immediate extensions and prove an analytic version of
Kaplansky’s embedding theorem. In Section 8 (not needed for “induced structure”
results, but included for its independent interest) we apply this to show that various
extension procedures preserve truncation closedness. Section 9 uses [7, 9] to describe
the function given by a univariate term in the language of analytic valued fields as
analytic on the annuli of a suitable finite covering of the valuation ring. This allows
us to complete the full array of extension results. Then we can prove in Section 10
an analytic AKE-type equivalence theorem, with an induced structure result for
“coefficient field + monomial group” as a consequence. Together with our work on
immediate extensions in Section 7, this yields NIP transfer in our analytic context.
Section 11 proves a “separation of variables” result.

Notational and terminological conventions. Throughout d, m,n range over
N =1{0,1,2,...}; ring means commutative ring with 1. From Section 6 onwards we
consider valued fields. Let K be a valued field; it is specified by a valuation ring R
of the field K. Let v : K* — T be a valuation on K with R = {a € K : va > 0}.
Here T' = v(K*) is the (ordered) value group, and we extend v to a function
v: K — Ty =T U{oo} by setting v(0) := oo and we extend the total ordering of
I" to a total ordering on I', by I' < co. It will be convenient to let <, <, <, =, >,
and ~ denote the binary relations on K given for x,y € K by

r=<y & vr2vy & x=yz for some z € R,
r=xy & rz<xyand y <Xz, <y & zxyand £y,
TEY =Y

We let o(R) be the maximal ideal of R, and let res K := R/o(R) be the residue
field. For a € R we let resa be the residue class of a in res K. If we need to indicate
dependence on K we write Rg, vx, 'k instead of R,v,I". The reason we use the
letter R here instead of the more common O is that in Section 9 we follow [20]
in denoting the algebra of analytic functions on a suitable set F' by O(F); see the
start of Section 9 for context and definitions of these notions.

Model theoretic arguments become important in Sections 9 and 10, although in
earlier sections we already construe various mathematical structures as L-structures
for various first-order languages L. We deal only with one-sorted structures, and
“M C N7 indicates that M is a substructure of A/, for L-structures M and N .
(One exception: we refer to a 3-sorted structure from [6] in Section 11.)

r, T>XY < y<r, T~Y < r—y<=T
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We cite many results of classical AKE-theory from the exposition [13]. We do so
for convenience and do not suggest that the cited facts originate with [13].}

2. HENSELIANITY

There are a few places where we need “henselianity” outside the usual pattern of
a henselian local ring. Accordingly, this section proves basic facts about henselian
pairs (which generalize henselian local rings). These facts are well-known, but our
treatment is more elementary than we have seen in the literature.

Given a ring R we let R* denote the multiplicative group of units of R. The
Jacobson radical of a ring R is the intersection of the maximal ideals of R. For the
Jacobson radical J of R, ifa € Rand a+J € (R/J)*, then a € R*. In this section
X and Y are distinct indeterminates and [ is an ideal of the ring R.

Lemma 2.1. Let I be contained in the Jacobson radical of R and let P(X) € R[X]
and a € R be such that P'(a) € R*. Then P(b) =0 for at most one b € a+ 1.

Proof. Let b € a+ I and P(b) = 0. Then for € € I we have r € R such that
P(b+e) = P(b)+ P'(be+re* = P'(be+re* = P'(b)e(1+rP'(b)"'e) = 0,
and P'(b),1+rP'(b)~te € R*,s0 € = 0. O

The pair (R, I) is henselian means:

e [ is contained in the Jacobson radical of R, equivalently, 1+ I C R*;
e for all polynomials P(X) € R[X] and a € R with P(a) € I and P'(a) € R*
there exists b € R such that P(b) =0and a —b € I.
Thus given a maximal ideal m of the ring R, the pair (R, m) is henselian iff R is a
henselian local ring in the usual sense.

Lemma 2.2. Assume 1+ 1 C R*. Then the following conditions are equivalent:
(i) (R,I) is henselian;
(ii) each polynomial 1 + X + easX? + --- + ea, X™ with n > 2, e € I, and

as,...,a, € R has a zero in R (obviously, such a zero lies in —1 + I);
(iii) each polynomial Y™ +Y" ' +eaY" 2 + .-+ ea, withn >2, e € I, and
as,...,a, € R has a zero in R*;

(iv) given any polynomial P(X) € R[X] and a € R, e € I such that P(a) =
eP’(a)? there exists b € R such that P(b) =0 and b — a € eP’'(a)R.
Proof. (i)=(ii) is clear. For (ii)& (iii): use that for z € R* and y := 7!
a zero in (ii) iff y is a zero in (iii). Now assume (ii) and let P, a,e be as in the

hypothesis of (iv). Let € R and consider the expansion:

P(a+z) = P(a)+ P'(a)z+ Y Pyla)s’
i>2
= eP'(a)’ + P'(a)z + Y _ Puyla)z'.

i>2

, T is

e take the opportunity to mention that the Chinese Remainder Theorem on [13, p. 86] is stated
there in too great a generality. But it holds for ideals in a ring, which is how it gets applied.
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Set © = eP’(a)y where y € R. Then

P(a+2z) = eP'(a)? 1+y+Zeaiyi

i>2
where the a; € R do not depend on y. From (ii) we obtain y € R such that
1+y+Zeaiyi = 0.
i>2
This yields an element b = a+x = a+ eP’(a)y as required. This shows (ii) = (iv),

and (iv) = (i) is clear. O

Lemma 2.3. Suppose every element of I is nilpotent. Then (R,I) is henselian.

Proof. Consider a polynomial P(X) =a+ X + Y ., ea; X" where n > 2 and
a,e,ag,...,a, € R, " =0, m>1.

By induction on m we show that P(X) has a zero in R. The case m = 1 being
trivial, let m > 2. Then

P(—a+¢Y) = a4+ (—a+eY)+ Z ea;(—a+eY) = e(Y + Z ai(—a+eY)").
=2 =2

An easy computation gives f,b,bs,...,b, € R such that

Y+ ) ai(—a+eY) = b+Y(1+ef)+) by

=2 =2

Now use that 1 +ef € R* and (e?)™™! = 0. O

Lemma 2.4. Let J be an ideal of R with I C J. Then the following are equivalent:

(i) (R,I) and (R/1,J/I) are henselian;
(ii) (R,J) is henselian.

Proof. The condition 1+ J C R* is easily seen to be equivalent to the conjunction
of 1+1 CR* and 1+ (J/I) C (R/I)*. This gives (ii)=-(i). Now assume (i), and
let P(X) € R[X] and a € R with P(a) € J, P'(a) € R*. Working modulo I this
gives b € R such that P(b) € I and a — b € J. Hence P'(b) — P'(a) € J, and thus
P’(b) € R*, giving ¢ € R with P(¢) =0 and b—c € I. Hence a — c € J. O

Corollary 2.5. Suppose (R, I) is henselian and J is an ideal of R contained in the
nilradical \/T of I. Then (R,J) is henselian.

Proof. Every element of v/T/I is nilpotent in R/I, so by Lemmas 2.3 and 2.4 the
pair (R,+/I) is henselian, and so is (R, J). O

Recall also that a local ring R is said to be henselian if the pair (R, m) is henselian,
where m is the maximal ideal of R.
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3. COMPLETE ULTRANORMED RINGS AND RESTRICTED POWER SERIES

We introduce here the restricted power series that will define operations on the
valuation rings considered in later sections, where we develop an AKE-theory for
these valuation rings with these extra operations. The coefficients of these restricted
power series will be from a fixed coefficient ring A which is complete with respect
to an ultranorm. We begin with defining ultranorms.

Ultranormed abelian groups. Let A be an additively written abelian group.
An ultranorm on A is a function a + |a| : A — RZ such that for all a,b € A,

e |a|=0&a=0;

o | —a|=laf;

e |a+ b < max(|al, |b]).
Let A be equipped with the ultranorm |- | on A. We make A a metric space with
metric (a,b) — |a —b|. Then A is a topological group with respect to the topology
on A induced by this metric. The ultranorm |- |: A — R and the group operations
—:A— Aand +: A x A— A are uniformly continuous.

In the rest of this subsection A is complete with respect to its ultranorm, that
is, complete with respect to the metric above. We now discuss convergence of series
with terms in A. Let (a;) = (a;)icsr be a family in A (that is, all a; € A). We say
(a;) is summable if for every € we have |a;| < € for all but finitely many ¢ € I. In
that case the set of i € I with a; # 0 is countable, and there is a unique a € A such
that for every € € R~ there is a finite I(¢) C I with [a — >, ; a;| < € for all finite
J C I with I(e) C J; this a is then denoted by > ;. ; a; (or ), a; if I is understood
from the context). Instead of saying that (a;) is summable we also say that ). a;
exists, or that ). a; converges. Of course, if I is finite, then ), a; exists and is the
usual sum. Here are simple rules, used throughout, for dealing with such (possibly
infinite) sums, where (a;);cs is a summable family in A:

e if c € R” and |a;| < ¢ for all 4, then |}, a;| < ¢
e (—a;) is summable with ). —a; = — >, a;;
e if (b;);cs is also a summable family in A, then so is (a; + b;) with

Zai+bi = Zai“l‘zbi;

e if i+ A(i) : I — Ais a bijection and (bx)xea is a family in A with a; = by,
for all ¢ € I, then ), by exists and equals ), a;;
o if the family (a;);cs in A is also summable with 7 NJ = 0, then (ax)rerus
is summable with 7, ar = 7, a;i + 3, aj;
o if ] = UAGAIA (disjoint union), then -, ; a; exists for all A € A, and
Do (Zieh a;) exists and equals Y, ; a;.
Suppose FE is a closed subgroup of A. Then

la+ E| := inf |a+ € (a € A)
eckE

yields an ultranorm on the quotient group A/E with respect to which A/E is
complete; we call it the quotient norm of A/E. If the family (a;) in A is summable,
then so is the family (a; + E) in A/E with its quotient norm, and

(> a)+E = (ai+E).

% i
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Ultranormed rings. Let A be a ring. An ultranorm on A is a function
a—lal : A—=R>

such that for all a,b € A,

e laj=0<a=0,|1=|-1 =1

e |a+ b| < max(|al,|b]);

o |ab] < al - |b].
Let A be equipped with the ultranorm |- | on A. Then | — a| = |a| for all a €
A, so |- | is an ultranorm on the underlying additive group of A. The function
-1 Ax A — A is continuous. If A is complete with respect to its ultranorm and
(a;)icr and (bj)jes are summable families in A, then (a;b;) ¢ j)erx. is summable,
with (3, a)(5, by) = Y0, by
From now on in this paper A is a ring with 1 # 0, equipped with an

ultranorm | - | such that |a|] < 1 for all a € A, and A is complete with
respect to its ultranorm.

It follows that if a € A and |a| < 1, then )" a™ exists, with
(1-a) Z a® = 1.

We have the ideal o(A4) := {a € A : |a| < 1}, and set A := A/o(A), with the
canonical ring morphism a — @ = a+0(A) : A — A. We saw that 1+0(A) consists
entirely of units of A. Thus a € A is a unit of A iff @ is a unit of A. In particular,
0(A) is contained in the Jacobson radical of A. The completeness assumption now
yields Hensel’s Lemma as stated in [13, Section 2.2]: the pair (A, 0(A)) is henselian.
It follows that (A, \/0(A)) is also henselian.

Passing to A/I. Suppose the proper ideal I of A is closed. Then the quotient
norm of the quotient group A/I is an ultranorm on the ring A/I. Equipping A/I
with the quotient norm, the canonical map A — A/I is norm decreasing, and
o(A/I) is the image of 0(A) under this canonical map.

If A is noetherian, then by [26, Theorem 8.14] every ideal of A is closed.

Restricted power series over an ultranormed ring. For distinct indetermi-
nates Y7,...,Y, we let A(Y) = A(Y1,...,Y,) be the subalgebra of the A-algebra
A[[Y1,...,Y,]] consisting of the series ) a,Y" with a, — 0 as |v| — co. Here and
below, when using an expression like ) a,Y" for a series in A(Y") it is assumed
that a, — 0 as |v| — co. We extend |- | on A to an ultranorm on the ring A(Y) by

| E a,Y"| = max|a,|,
v
v

so with respect to this ultranorm, A(Y’) is complete and A[Y] is dense in it. Note
that for aq,...,a, € 0(A) we have |a; Y1+ 4+a,Y,| < 1,80 1+a1Y1+---+a,Y,
is a unit of the ring A(Y").

For f =3, a,Y" € A(Y), the family (a,Y") in A(Y) is in fact summable with
sum f. If |ab| = |a| - |b] for all a,b € A, then |fg| = |f|-|g| for all f,g € A(Y). For
any ¥ = (y1,...,Yn) € A™ we have the evaluation map

= ZauY” — f(y) = Za,,y” D AY) = A,
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which is an A-algebra morphism with |f(y)| < |f] for all y € A™. If (fi)ier is
a summable family in A(Y) and y € A", then ), fi(y) exists in A and equals
(3>, fi)(y). The obvious inclusion of A[[Y1,...,Y,,]] in A[[Yy,...,Y,]] for m < n
restricts to an inclusion of A(Y7,...,Y,,) in A(Yy,...,Y,). For f = f(Y) € A(Y)
we have unique f; € A(Yq,...,Y;) for j =0,...,n such that

FY) = fo+Yifi+- 4+ Y, o

Substitution. Besides Y = (Y,...,Y},), let X = (X4,...,X,,) also be a tuple of
distinct indeterminates. Let f =3 a, X" € A(X) with p = (u1,..., ) ranging
over N and g1,...,9m € A(Y). Then |a,g}" - -- g | < |a,| — 0 as || — oo, so

f(gla"'7gm) = Zauglfl "'gﬁzm € A<Y>’
o

and for fixed g = (g1,...,9m) € AY)™ the map f — f(g) : A(X) = A(Y) is an
A-algebra morphism with |f(g)| < |f] and f(g)(y) = f(g(y)) for y € A™. Moreover,
if (f;) is a summable family in A(X) and g € A(Y)™, then ), fi(g) exists in A(Y")
and equals (3, fi)(g). It follows that the above kind of composition is associative in
the following sense: let Z = (Zy,. .., Zy,) be a third tuple of distinct indeterminates,
peN,and h = (hy,...,hy,) € A(Z)". Then

(f@)(h) = Flgr(h), ... gm(h)) in A(Z).

From now on Xi, X5, X3,...,Y1,Y5, Vs, ... (two infinite sequences) are distinct
indeterminates, and unless specified otherwise,
X =(Xy,..., Xm), Y = (Y1,...,Y,).

The natural A[[X]]-algebra isomorphism A[[X]][[Y]] — A[[X,Y]] restricts to the
norm preserving A(X)-algebra isomorphism A{X)(Y) — A(X,Y) given by

LYY LYY

where f, € A(X) for all v and f, — 0 as |v| — oo, with righthand and lefthand side
interpreted naturally in A(X)(Y) and A(X,Y) respectively. We identify A(X)(Y")
and A(X,Y) via this isomorphism.

Polynomials as restricted power series. Let p = p(T) € A[T] be a monic
polynomial of degree d > 1 over A, so |p| =1 as an element of A(T).
(

Lemma 3.1. For all f € A(T) we have |pf| = |f|. Moreover, pA
ideal of A(T) and is closed in A(T).
Proof. For f =3 a,T" € A[T)”, take n maximal with |a,| = |f|, and note that

then the coefficient of T+ in pf is a, + b with |b] < |a,|, so |a, + b = |a,| = | f]-
The rest follows easily. ]

T) is a proper

Lemma 3.2. Let f € A(T). Then there are unique q¢ € A(T) and r € A[T| with
degr < d such that f = gp + r; moreover, |f| = max(|g|, |r|) for these q,r.

Proof. For each n we have T" = g, p + r,, with ¢,,r, € A[T] and degr,, < d. Thus
for f =3, a,T" € A(T) we have f = gp+ r with ¢ = >, ang, € A(T) and
r=>, anry, € A[T] with degr < d, and |f| = max(|q|,|r|) for these ¢, .
Uniqueness holds because for g € A(T) with gp € A[T], deggp < d, we have
g = 0 by the proof of Lemma 3.1. O
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Corollary 3.3. The composition A[T] — A(T) — A(T)/pA{(T), with inclusion on
the left and the canonical map on the right, is surjective and has kernel pA[T], so
induces an A-algebra isomorphism A[T|/pA[T] — A(T)/pA(T).

Proof. Lemma 3.2 gives surjectivity. The uniqueness in that lemma and division
with remainder in A[T] (by p) yields kernel pA[T]. O

Division with Remainder. Let n > 1, set Y/ := (Y3,...,Y,,_1). The inclusion
AYNY,] C AY'WY,) = AY) makes A(Y')[Y,] a subring of A(Y).

Lemma 3.4. Let f € A(Y')[Y,] be monic of degree d > 1 and g € A(Y). Then
there are unique ¢ € A(Y') andr € A(Y')[Y,] with degy. r < d such that g = qf +r.
Moreover, |g| = max(|q|,|r|) for these q,r.

Proof. This is Lemma 3.2 applied to A(Y”) in the role of A. |
Consider A(X,Y7,...,Y;_1)[Y;] likewise as a subring of A(X,Y) for j =1,...,n.
By a straightforward induction on n the previous lemma gives:

Lemma 3.5. Let f; € A(X,Y1,...,Y;_1)[Y;] be monic of degree d; in'Y; for j =
1,...,n. Then

AXY) = (fi,.. . [DAXY)+ @ AX)Y Y
(j17'~'7jn)

where (j1,...,jn) ranges over the elements of N™ with j; < di,...,Jn < dy.
Corollary 3.6. Let m =n and f(X) € A(X). Then
fX)—fV)e(X;—Y,..., X, - V,)A(X,Y).

Proof. By Lemma 3.5 we have f(X) — f(Y) = Z?Zl(Xj —Y;)q; +r with all ¢; in
A(X,Y) and r € A(X). Substituting X; for Y; gives 0 =r. O

We extend a +— @ : A — A to the ring morphism
F=YaY" = =) @Y+ AY)—AY],
whose kernel is 0(A(Y)) := {f € A(Y) : |f] < 1}. Moreover,

f(gla"'agm) :?(97175%)’ (f € A<X>5 giy--39m € A<Y>)
For d € N, call f € A(Y) regular in Y, of degree d if f=fo+ fiYn+--+ fa¥,d
with fo,..., fa € A[Y'] and fg a unit in A[Y’]. We now extend Lemma 3.4:

Proposition 3.7 (Weierstrass Division). Suppose f € A(Y) is regular in Y, of
degree d and g € A(Y'). Then there are ¢ € AY) and r € AY")[Y,] with

g = qf +r, degy, r < d, lg| = max(|q[,[r]).

Proof. Multiplying f by a unit of A(Y’) we arrange that f € A[Y] is monic in Y,
of degree d. Hence f = fo + E where fo € A(Y")[Y},] is monic of degree d in Y,
and E € A(Y), |E| < 1. Now g = qofo + ro with go € A(Y) and ro € A(Y")[V,],
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degy, ro < d and |g| = max(|qo|,|ro]), s0 g = qof + ro + g1 with g1 = —Eqp, and
thus |g1| < |E|lg|. With g; in the role of g and iterating:

g = qf+ro+91, g1 = —Eqo, l91] < |E]gl,
g1 = qf +ri+go, g2 = —FEq, 92| < |E)?|g],
G = Gf+7e+ g1, g1 = —Eae,  grer| <|E|Fgl,

where qp € A(Y), r, € A(Y")[Y,], degy, rr < d and |gr| = max(|qr], |rx|). Tt
follows that gx,qx, 7 — 0 as k — oco. Thus we can add the right and left-hand
sides in the equalities above to obtain g = ¢f + 7 where ¢ :== Y, g1 € A(Y) and
ri= .k € AY')[Y,], degy, r < d, so |g| = max(|ql, |r|). O

Corollary 3.8 (Weierstrass Preparation). Suppose f € A(Y) is regular in Y, of
degree d. Then for some unit u of A(Y') we have: uf € A(Y')[Y,], and uf is monic
of degree d in'Y,,.

Proof. We have Y,! = qf +r with ¢ € A(YY) and r € A(Y")[Y,,], degy r < d. Hence
Y4 —7 =qf in A[Y], so g is a unit of A[Y’], hence ¢ is a unit of A(Y), and thus
u := q has the desired property. ([l

A somewhat twisted argument also gives uniqueness in the last two results:

Corollary 3.9. Let f € A(Y) be regular in'Y,, of degree d. Then there is only one
pair (q,r) with ¢ € A(Y) and r € A(Y")[Y,,] with g = qf +7 and degy, r < d.
There is also only one unit u of A(Y') such that uf € AY')[Yy], and uf is monic
of degree d in'Y,,.

Proof. By Corollary 3.8 (just the existence of u), the uniqueness of (g,r) follows
from the uniqueness in Lemma 3.4. Next, the uniqueness of u follows from the
proof of Corollary 3.8 and the uniqueness in Proposition 3.7. O

Besides n > 1 we now also assume d > 1. Under an extra assumption on A (see
Lemma 3.10) we can apply automorphisms to arrange regularity in Y;,. Set

T,(Y) == M+Yd Y+ YY),
which gives a norm preserving automorphism f(Y) — f(T4(Y)) of the A-algebra
A(Y) with inverse g(Y) — g(T;'(Y)), where

T7HY) == (V=Y Y =Y Y.
Lemma 3.10. Assume Ais a field. Let f € A(Y) be such that f # 0 in A[Y], and
d > deg f. Then f(Td(Y)) 1s reqular in 'Y, of some degree.

Proof. With f =5 a,Y", let (u1,..., un) be lexicographically largest among the
v € N” for which a, # 0. A straightforward computation shows that then for
0= pd™ '+ 4 pp_1d + pp, we have

F(Tu(Y)) = @Y, + terms in A[Y] of degree < £ in Y.
Thus f(Td(Y)) is regular in Y;, of degree /. a
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4. RINGS WITH A-ANALYTIC STRUCTURE

Given a ring R and a set E we have the ring R of R-valued functions on E, where
the ring operations are given pointwise. A ring with A-analytic structure is a ring
R together with a ring morphism

tn + A(Y7,...,Y,) — ring of R-valued functions on R"

for every n, such that the following conditions are satisfied:

(Al) Ln(Yk)(ylv s ,yn) = Yk, for k = ]-1 s and Yy= (yla s 7yn) € Rn;
(A2) for f € A(Y1,...,Y,) C A, ..., Y0, Yor1) and (Y1, -3 Yn, Yny1) € RPTE
we have Ln(f)(yh s 7yn) = Ln-i-l(f)(yla < Yn, yn-i-l);
(A3) forn>1, fe AYy,...,Y), g := f(Yns1,...,Yon) € AY1,...,Ys,), and
(Y1, Y2n) € R?" we have: tn () Wntts - ¥2n) = tan(9) (W1, - - -, Y2n)-
Let R be a ring with A-analytic structure as above. We set h(y) := ¢, (h)(y) for
h € A(Y) and y € R", a notational convention that will be in force from now on.
In other words, each h € A(Y) defines a function R™ — R that we also denote
by h. For n = 0 the above gives the ring morphism ¢y : A — R upon identifying
a function R® — R with its only value, and so R is an A-algebra with structural
morphism ¢g. Accordingly we denote for a € A the element (g(a) of R also by a
when no confusion is likely. Simple example of a ring with A-analytic structure: A
itself with ¢, (f)(y) := f(y) for f € A(Y) and y € A™ and below we consider A to
be equipped with this A-analytic structure.

Lemma 4.1. Let f,g1,...,9, € A(Y) and y € R". Then

f(gla”-agn)(y) = f(gl(y)v"'agn(y))'

Proof. The case n = 0 is trivial. Let n > 1 and set B := A(Y1,...,Ys,). In
A(Y) we have f(g1,...,92)(Y) = f(g1(Y),...,gn(Y)), trivially. Also A(Y) C B,
fYnt1,...,Ys,) € B, and by Corollary 3.6,

flary - s90)(Y) = f(Yagr, ..., Yan) € (gl(Y) —Yoi1,00(Y) — YQn)B
Now apply t2, to this, and use (A1), (A2), (A3) to evaluate at the point

(y17"'7y7hgl(y)a'--7gn(y)) €R2n' U

We abbreviate the expression ring with A-analytic structure to A-analytic ring,
or just A-ring. A good feature of the above is that the A-rings naturally form
an equational class (which is not the case for the narrower notion of rings with
analytic A-structure defined in [12].) To back this up, we introduce the language
LA of A-rings: it is the language {0,1,—,+,-} of rings augmented by an n-ary
function symbol for each f € A(Y) = A(Y1,...,Y,), to be denoted also by f. We
construe any A-ring R in the obvious way as an L£4-structure, with f as above
naming the function y — f(y) : R™ — R, so the A-rings are exactly the models of
an equational £L4-theory, and for any £A-term t(Z1,...,Z,) there is an f € A(Y)
such that t(z) = f(z) for every A-ring R and z € R™.
The A-ring A is initial in this equational class:

Lemma 4.2. Given any A-ring R there is a unique morphism A — R of A-rings,
namely 1o : A — R.
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Proof. If j : A — R is an A-ring morphism, then clearly j(a) = tp(a) for a € A. Tt
remains to check that forn > 1, f € AY), Y = (Y1,...,Y,), and a4,...,a, € A,

Lo(f((h, .. .,an)) = f(Lo(al), .. .,Lo(an)).

Take ay,...,a, as elements of A(Y) and f(aq,...,a,) € A accordingly also as an
element of A(Y). Fixing any y € R"™ we obtain from (A2) that

Lo(f(al,...,an)) = Ln(f(al,...,an))(y),

which by Lemma 4.1 equals f (i (a1)(y), ..., tn(an)(y)), and by (A2) again this
equals f(to(a1),...,t0(an)), as promised. O

Example. Let Ag be a ring with 1 # 0 and A := Ap|[t]], the power series ring
in one variable ¢t over Ay, with the (complete) ultranorm given by |f| = 27" for
fettA\t" 1A Let +: Ay — k be a ring morphism into a field k, let T' be an
ordered abelian group with a distinguished element 1 > 0. We identify Z with its
image in I" via k — k- 1, which makes Z an ordered subgroup of I'. (We do not
assume here that 1 is the least positive element of I'.) This yields the Hahn field
K = k((t")) with its valuation ring k[[tr>]] D K[[t]]. Now ¢ extends to the ring

morphism A — k[[trz]],
Z cnt™ = Z t(en)t™ € E[[t]] (with all ¢, € Ap).

We have a natural A-analytic structure (¢,) on k[[tr>]}, where 1o is the above
ring morphism A — k[[tr2]], and more generally, for f = Y a,Y"” in A(Y) and
y e (R[],

m(A)w) = Y wlw)y” € k)

v

Note that ¢o(A) is the subring ¢(Ag)[[t]] of k[[t]].

Returning to the general setting, let R be an A-ring. Among its units are clearly
the elements 1+ a1y; + -+ + apy, for ay,...,a, € 0(A4) and y1,...,y, € R.

Any ideal I of R yields a congruence relation for the A-analytic structure of R.
This means: for any f € A(Y) and any x,y € R™ with = y mod I (that is,
T1— Y1,y Ty —Yn € I), we have f(z) = f(y) mod I, an immediate consequence
of Corollary 3.6. Thus R/I is an A-ring, given by

flyr+1,...;yn+1) = flyr,.-. yn) +1 (fe AY), (y1,...,yn) € R™).

This construal of R/I as an A-ring is part of our goal of developing some algebra
for A-rings analogous to ordinary facts about rings. But we need some extra nota-
tional flexibility in dealing with indeterminates, as we already tacitly used in this
argument about R/I: we do not want to be tied down to the particular sequence
of indeterminates Y1, Ys, ... used in the definition of A-analytic structure. Namely,
for any tuple Z = (Z3,...,Z,) of distinct indeterminates, not necessarily among
the X1, Xo,... ., Y1,Ys,...,any f = f(Z) =), a,Z" € A(Z) and z € R" we set
f(2) = (tnf(Y))(2), where f(Y) =3 a,Y" € A(Y).

This is in harmony with other notational conventions: Let V,Zy,...,Z, be
distinct variables. Identifying A(Z) = A(Zi,...,Z,) as usual with a subring of
A(V, Z), this harmony means that for f € A(Z) and (v,21,...,2,) in R"! we
have f(z1,...,2n) = f(v,21,...,2,), where the last f refers to the image of the
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series f € A(Z) in A(V,Z). Thus we can add dummy variables on the left.
We can also add them at other places: identifying f € A(Z) with its image in

AlZy, ..., Zi,V, Zis1,. .., Zy) as usual, where 1 < ¢ < n, we have likewise
f(z1,ovzn) = f(21,0 03 2i,0y Zig 1y« -5 Zn)
for (z1,..., 2,0, Zix1,- .., 2n) € R¥L. We shall tacitly use these facts.

Henselianity Again. Let R be an A-ring. Note that o(A)R, that is, the ideal
of R generated by ¢q (O(A)), is contained in the Jacobson radical of R, because for
ai,...,a, € o(A) the series 1+a1Y; +---+a,Y, is a unit of A(Y). In later sections
we consider the case that R is a valuation ring whose maximal ideal is \/o(A)R,
and then the following is relevant:

Lemma 4.3. The pair (R,0(A)R) is henselian, hence so is (R, /o(A)R).
Proof. Let n =1, s0Y =Y;. We show that any polynomial
FOY) = 14+Y + Y24+ 25V NV € RlY], (N eN>?)
with za,...,2y € 0(A)R has a zero in R. Take m and x € R™ such that
zo = go(x),....,28n = gn(x), g2,...,9n € 0(A)A[X] C 0(A)A(X).

Then F(X,Y) = 14Y + g2(X)Y2 4+ - + gn(X)YN € A[X,Y] = A(X,Y) is
regular in Y of degree 1, so F(X,Y) = E- (Y — ¢) for a unit F of A(X,Y) and
¢ € A(X). Thus f(Y) has a zero ¢(z) in R. O

Extensions of A-rings. Let R be an A-ring. When referring to an A-ring R* as
ertending R this means of course that R is a subring of R*, but also includes the
requirement that the A-analytic structure of R* extends that of R.

A set S C R is said to be A-closed (in R) if for all m, f € A(X) and z1,...,2py
in S we have f(z1,...,2,;) € S. Then S is a subring of R and the A-analytic
structure of R restricts to an A-analytic structure on S. We view such S as an
A-ring so as to make the A-ring R extend S. For S C R, the A-closure of S in R
is the smallest (with respect to inclusion) A-closed subset of R that contains S.

Lemma 4.4. Let R* be an A-ring extending R, and y = (y1,.-.,Yyn) € (R*)". Let
R(y) be the A-closure of RU{y1,...,yn} in R*. Then

R(y) = (Hg(z,y): € R™, g A(X,Y)}.

Here is a consequence of Lemma 3.5:

Lemma 4.5. Suppose R* is an A-ring that extends R. Let f € A(X,Y1,...,Y,)
and x € R™, and assume yi,...,Yyn € R* are integral over R. Then
f(x7y1a"'ayn) S R[yhayn]

Proof. By increasing m and accordingly extending x with extra coordinates we
arrange that for j = 1,...,n we have a polynomial f;(X,Y;) € A[X,Y;], monic in
Y;, with f;(z,y;) = 0. Now apply Lemma 3.5. O

Lemma 4.6. Let R* be a ring extension of R with z € R* integral over R. Then
at most one A-analytic structure on R[z] makes R[z] an A-ring extending R.
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Proof. We can assume R* = R][z]. Take a monic polynomial ¢ € R[Z], say of degree
d > 1, with ¢(z) = 0. Let R* be equipped with an A-analytic structure extending
that of R, and let ¢ € A(Y1,...,Y,), n > 1, and let y1,...,y, € R*; we have
to show that then the element g(y1,...,yn) € R* does not depend on the given
A-analytic structure on R*. We have ¢(Z) = xop + 2012 + -+ + x0,a-129" 1 + Z¢
with 2o, ..., %0,q—1 € Rand y; = xj0+x12+-- -+x]—7d,1zd_1, 250y, %j,d-1 € R,
for j=1,...,n. We now set m := (1 + n)d and

«o— m
T = (xOO,"'axO,dfhxlOa"'7x1,d71;”wan»'“axn,dfl)eR ,
X = (Xl,...,Xm) = (X()(),...,Xo’dfl,...,Xn(),...,Xnydfl),

s0 $(Z) = F(z,Z), F(X,Z) = Xoo + X1 Z + -+ + Xo.q1 291 + 24 € A[X, Z].
Let G(X,Z) € A(X, Z) be the following substitution instance of g:

Q(Xw +XuZ A+ 4+ Xl,dflqu, oy Xpo F X Z 4+ Xn,d71Zd71)~

Lemma 3.4 gives G(X,Z) = Q(X,Z)F(X,Z)+ Ry + RiZ + -+ + Ry_1 29! with
Ro,...,R4_1 € A(X), and so g(y) = G(x,2) = Ro(z)+ Ry (x)2+- -+ Rg_1(x)2%7L,
which uses only the A-analytic structure on R, not that on R*. d

Proposition 4.7. Let R* be a ring extension of R and integral over R. Then some
A-analytic structure on R* makes R* an A-ring extending R.

Proof. In view of Lemmas 4.5 and 4.6 this reduces to the case R* = R[z] where
z € R* is integral over R. Let ¢(Z) € R[Z] be as in the proof of Lemma 4.6, in
particular monic of degree d > 1 in Z. If the ring extension R[Z]/¢(Z)R[Z] of
R can be given an A-analytic structure extending that of R, then this is also the
case for its image R[z] under the R-algebra morphism R[Z] — R[z] sending Z to
z. Thus replacing R[z] by R[Z]/$(Z)R[Z] if necessary we arrange that R[z] is free
as an R-module with basis 1, z,...,2% 1. We now adopt other notation from the
proof above, where n > 1 and where we introduced a tuple

X = (X1,.., Xm) = (Xooy---, Xn,d-1)
of m = (n + 1)d distinct variables, the polynomial F'(X,Z) € A[X, Z], and for
any g € A(Y) = A(Y1,...,Y,) the series G = G(X,Z) € A(X,Z), and the series
Ro,...,Rq—1 € A(X). To indicate their dependence on g we set
Gg = G, 3970 = R(), cee Rg,dfl = Rdfl,
Ry = Ryo+Rg1Z+ -+ Rga 129" € A(X)[Z].

We claim that setting g(y) := Rg(x,2) for any n > 1 and g € A(Y) yields an
A-analytic structure on R][z] extending that on R. We just verify two items that
are part of this claim: let f,g,h,91,...,9, € AY) and y € R™; then

(1) gh(y) = 9(v)h(y);

(2) flg1--.90)W) = f(01(¥):---.9n(y))-
As to (1), we have Gy, = G4Gh, s0 Rgp, = RyR;, mod F in A(X, Z). We also have
R € A(X)[Z] of degree < d in Z such that RgR, = R mod F in A(X)[Z]. Hence
Ryn = R, and thus gh(y) = R(z, 2) = Rg(x,2)Rin(x,2) = g(y)h(y). As to (2), by
Corollary 3.6 we have in A(X, Z),

Gf(g1,--<7gn) = f(Ggl,...,ng) = f(Rgl,...,Rgn) mod F.
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Note that f(Ry,,...,Ry,) is obtained by substituting Ry, ; for Xj; in Gy, for
j=1,...,nandi=0,...,d—1 (and Z for Z), that is,

f(Rg,,...,Ry,) = Gf(Rgho,...7Rghd,17...,Rgmo,...,Rgmd,l,Z).
Making the same substitution in the congruence Gy = Ry mod F', using that the
variables X;; with j =1,...,nand i =0,...,d —1 do not occur in F', we obtain

Gf(Rgy 00 Rgya—1s---, Rg 0, Ry a-1,2)
is congruent in A(X, Z) modulo F to
Rf(XOO; s 7X0,d71; Rg1,07 BERE) Rghdfla SERE) Rgn707 s 7Rgn,d717 Z>7

which is in A(X)[Z] of degree < d in Z, and thus equals Ry, .. g4,). Since

f(gl(y)’ cee 7gn(y)) = Rf (1‘007 -3 20,d—1, Rgl,O(x)v s 7Rgn,d—1(1')a Z)7
this yields £(g1(1); -+, 9u(¥)) = F(g1,- -+ ga)(y), as required. 0

Corollary 4.8. If R* is a ring extension of R and integral over R, then there is a
unique A-analytic structure on R* that makes R* an A-ring extending R.

Corollary 4.9. Let Ry and Ry be A-rings extending R and let ¢ : Ry — Ra be an
R-algebra morphism such that ¢(R1) is integral over R. Then ¢ is a morphism of
A-rings (that is, a homomorphism in the sense of LA -structures).

Proof. The kernel of ¢ is a congruence relation on R as A-ring, so ¢(R;) has an
A-analytic structure making ¢ : Ry — ¢(R1) a morphism of A-rings. Since ¢(R;)
is A-closed as a subset of Ry it follows from Corollary 4.8 that this A-analytic
structure on ¢(R;) coincides with the one that makes the inclusion ¢(R;1) — Rz a
morphism of A-rings. Thus ¢ is a morphism of A-rings. (]

Corollary 4.10. Suppose the A-ring R* extends R, and z; € R* fori € I is
integral over R. Then R[z; : i € I] is A-closed in R*.

Proof. Let f(Y) € A(Y) and suppose y1, . ..,yn € R* are integral over R; it suffices
to show that then f(y) € R[y] where y = (y1,...,yn). Take © € R™ and monic
fj € A(X)[Y;] such that f;(z,y;) =0 for j =0,...,n, and apply Lemma 3.5. O

Defining R(Y). Let R be an A-ring. To define a ring R(Y) analogous to the
polynomial ring R[Y], observe that polynomials over R arise from polynomials over
Z by specializing: for f(X,Y) € Z[X,Y] and € R™ we have f(z,Y) € R[Y]. We
take this as a hint and with A instead of Z, we define for f(X,Y) € A(X,Y) and
x € R™ the power series f(z,Y) € R[[Y]] as follows: f(X,Y)=>", fu(X)Y"” with
all f, € A(X), and then

f(@,Y) = qu(m)yu

Thus for fixed z € R™ the map f(X,Y) — f(z,Y) : A(X,Y) — R[[Y]] is an
A-algebra morphism. We define

RY) = | J{f(@,Y): f=f(XY) € AX,Y), € R"} C R[[Y]].

An easy consequence is that inside the ambient ring R[[Y]] we have for ¢ < n:
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Lemma 4.11. Given any g1,...,9x € R(Y), k € N, there exists m, © € R™, and
S fk € A<X,Y>; such that g1 = fl(f,Y),---,gk = fk(an)

Proof. Let mq,...,mi € Nand 2' € R™ ... 2¥ € R™ be such that

g1 = fl('rlvy)w-'vgk = fk(xk7y)7 fl€A<X15Y>7-~-afk€A<Xk7Y>7

-rl - (xlla"'7x17n1)7 ey xk = (xkla-”axk’mk))

X'i= (Xu,e s X )y oo XP = (X, Xiom)-
We can also arrange for m := my + - - - + my that
X = (X1,...,Xm) = (X1,..., X0,

For f1(X,Y) = f{(XLY) € AX,)Y),..., fi(X,Y) := fE(X*Y) € A(X,Y) we
then have fi(z,Y) = g1,..., fu(z,Y) = gy for z = (z1,...,2%) € R™. O
Corollary 4.12. R(Y) is a subring of R[[Y]] with R[Y] C R(Y). If R is a domain,
then so is R{Y); if R has no nilpotents other than 0, then neither does R(Y). For
an A-ring R* extending R the inclusion R[[Y]] — R*[[Y]] maps R(Y) into R*(Y),
so R(Y) is a subring of R*(Y').

Proof. The claim about domains holds because it holds with R[[Y]] in place of
R(Y’). Suppose R has no nilpotents. With p ranging over the prime ideals of R this
yields an injective “diagonal” ring morphism R[[Y]] — [[,(R/p)[[Y]] into a ring
with no nilpotents other than 0, so R[[Y]] has no such nilpotents either. O

By the remark following the definition of R(Y) we have for ¢ < n the subring
R(Y1,...,Y;) of R(Y). The ring A(Y) as defined in Section 3 is the same as the
ring A(Y) as defined just now for R = A viewed as an A-ring.

Corollary 4.13. Suppose the A-ring R* extends R and is integral over R. Then
R*(Y') is generated as a ring over its subring R(Y') by R*.

Proof. Using Corollary 4.10 it suffices to consider the case R* = R[z] where z € R*
is integral over R and to show R*(Y) = R(Y)[z]. Let f(X,Y) € A(X,Y) and
x € (R*)™. Towards proving f(z,Y) € R(Y)[z], let ¢(z) = 0 where

0(Z) = Z"+upa—1Z% 4+ +ugoe, d=1, ugg,--.,uod-1 € R

Then for i = 1,...,m we have x; = u;9 + u;12 + -+ ui,d,lzd_l with all u;; € R.
Let U = (Uij)ogi<m,j<a be a tuple of distinct variables different also from the Y;
and Z and set u := (u;;). Then f(z,Y) = g(u, 2,Y) where

g(U.2Y) = f(D U;Z',....> UniZ'Y) € AU, Z,Y).
j<d j<d
In the ring A(U, Z,Y), g(U, Z,Y) is congruent modulo Z¢+ Uy 41 Z4 1 +-- -+ Uy

to go(U,Y)+ g1 (U, Y)Z + -+ ga_1(U,Y)Z41 for suitable go,...,gq_1 € A(U,Y),
by Lemma 3.4, and for such g; we have

g(u,2,Y) = go(u,Y) + g1(u,Y)z 4+ g4_1(u, V)24 € R(Y)[z]. O
Let x € R™. Then we equip R with the A(X)-analytic structure (¢, 5) given for
[(X,Y) € AX){Y) = A(X,Y) by
tnazf + R"— R, y = f(z,y).
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We refer to R with this A(X)-analytic structure as the (A, z)-ring R. Construing
R as an (A, z)-ring gives the same subring R(Y) of R[[Y]] as when considering R
as an A-ring.

R(Z) as an A-ring. Let Zy,...,Zy with N € N be distinct variables different
from Xi,Xs,..., and set Z := (Zy,...,Zy). We define R(Z) = R(Zy,...,Zy) in
the same way as R(Y1,...,Yn), with Z;,..., Zy in therole of Y7, ..., Y. We make
R(Z) an A-ring extending R as follows. Let f € A(Y) and u;i(x, 2),...,un(x, Z)
in R(Z), where u1 (X, Z),...,un(X,Z) € A(X,Z) and x € R™. Set

9(X,2) = f(u(X,2),....,un(X,2)) € A(X, Z).

Our aim is to define f(ui(z, Z),...,un(z,2)) := g(x, Z) € R(Z). In order for this
to make sense as a definition we first show:

Lemma 4.14. Suppose v;j(X,Z) € A(X,Z) and u;(z,Z) = vj(z,Z) for j =
1...,n. Set h(X,Z) = f(v1(X,2),...,vn(X,2)) € A(X,Z). Then

9(x,Z) = h(z, 7).

Proof. By Corollary 3.6 we have for distinct variables Uy, ..., Uy, V1,..., Vy,

fUL, ..., Uy) — f(Vi,..., V) € (U — VA,..., U, = Vi )A(U, V).
Substituting u; (X, Z) and v;(X, Z) for U; and V; gives

9(X,2) - hX,2) € (wm(X,Z) —vi(X,2),...,un(X,2) — v, (X, Z)) A(X, Z)

from which we obtain the desired result by substituting = for X. (|
Now the next lemma shows the above does define f(ui(z, Z),..., u,(, 2)):
Lemma 4.15. Let mqi,ms € N, m :=mq + mo, and

X' = (X, X)), X2 = (Xoats s Xom),s

' = (21,0, Tm,) €ER™, 2% = (Tyyi1yee ., Tm) € R™2.
Suppose that the series
u (XY, 2),. . un (XY Z) € AXY, Z), N (X2,2),... 0" (X2, 2) € A(X?,Z)
are such that u'(zt, Z) = vl (2%, 2),... ,u™ (2!, Z) = v"(xQ Z). Then for
g (X" 2Z) = flu'(X',2Z),....u" 7)) e A(X', Z
P (X% 2) = f(0'(X%Z),... 0" 7)) € A(X?, Z
we have g* (21, Z) = g*(2%, Z) in R(Z).
Proof. Set X := (X', X?)=(Xy,...,X,u), and for j =1,...,n,
uwi(X,Z) = wW(XY2) e A(X,Z), vj(X,Z) = v(X*2Z)e AX,Z),
9(X,2) = f(u(X,2),...,un(X,2)) = g"(X',2) € A(X, Z),
MX,Z) = f(n(X,2),...,0.(X,2)) = ¢°(X*,2) € A(X, Z).

Then for © = (z1, ..., ;) we have uj(:z Z) =vj(z,2)forj=1,...,n,80¢9(z,Z) =
h(z,Z) by Lemma 4 14, and thus g' (2!, Z) = ¢*(22, Z). O
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We have now defined for f € A{Y) a corresponding operation
(Ury..yupn) = flug,...,up) @ R(Z)" = R(Z).

This makes R(Z) an A-ring extending R. For f € A(X,Z) and x € R™ we can
interpret f(z, Z) on the one hand as the element of R[[Z]] defined in the beginning
of this subsection (with Y instead of Z), but also as the element of R(Z) obtained by
evaluating f at the point (z,Z) € R(Z)™*+" according to the A-analytic structure
we gave R(Z); one checks easily that these two interpretations give the same element
of R(Z), so there is no conflict of notation. This also shows that R(Z) is generated
as an A-ring by its subset RU{Zy,...,Zn}.

For R = A as an A-ring the above yields the A-ring A(Z) extending A. Let
f=7f%)=>aY" € A(Y). One checks easily that for (gi1,...,9,) € A(Z)"

the convergent sum f(g1,...,9n) = Y, augy" - - gir € A(Z) equals f(g1,...,9n)
as defined above for R = A, so this causes no conflict of notation. It is routine to
check that for any A-ring R and z € RN the evaluation map g +— g(2) : A(Z) = R
is a morphism of A-rings. For N = 0 this is just ¢g : A — R.

Corollary 4.16. Let J := \/o(A)R. Then (R(Z), JR(Z)) is henselian.

Proof. Applying Lemma 4.3 to the A-ring R(Z), the pair (R(Z), o(A)R(Z)) is
henselian. Now use that JR(Z) C y/o(A)R(Z). O

Our next goal is to define for z € RN an evaluation map g — g(2) : R(Z) — R.
We do this in the next section under a further noetherian assumption on A.

5. THE CASE OF NOETHERIAN A

Let A be a noetherian ring with an ideal 0(A) # A such that (), 0(A)¢ = {0} (with e
ranging here and below over N) and A is o(A)-adically complete. Taking 0 < 6 < 1
and defining |a| := 6" if a € 0o(A)" \ 0o(A)"*! for a € A7 and |0| := 0 gives an
ultranorm on A with respect to which A is complete, with 0o(A) = {a € A : |a| < 1}.
Then the o(A)-adic topology is the norm-topology. Take t1,...,t,. € A, r € N, such
that o(A) = (t1,...,t,). Below,n > 1 and Y = (Y1,...,Y,) as before, and A, u, v
range over N™.

Lemma 5.1. Let f =Y a,Y" € A(Y). Then there is d € N! such that for all v
with |[v| 2 d we have a, =3, <4 @ubuy where the by, € o(A) can be chosen such
that b, — 0 as |v| — oo for each fized p with |p| < d.

Proof. Since a, — 0 as |v| — oo, we have a, € 0o(A)*™) with e(v) € N, e(v) — oo
as |v| - oo. So a, = P,(t1,...,t,) with P, € A[T1,...,T.] homogeneous of
degree e(v). Take dy € N such that the ideal of A[Ty,...,T;] generated by the
P, is already generated by the P, with |u| < do. Next take d > dy in N2!
so large that e(v) > e(p) for all p,v with |u| < do and |v| > d. Let |v| > d.
Then P, = Z|#|<d0 P,Q,, with each Q,, € A[Ti,...,T,] homogeneous of degree
e(v) —e(u). Hence

a, = Z aubu., b = Quu(ty,... 1) € 0(A),
|1 <do
which yields the desired result. ([
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Let f, d, and the b, be as in the lemma. For p with |u| < d we set
Fu = YE4 D b Y EAY), so f = > aufu
lv|=d lul<d
Therefore o(A(Y)) = (t1,...,t-)A(Y) and the ultranorm on A(Y) induced by the
above ultranorm on A has the property that for all f € A(Y) and n,
IfI< " = feolAY))",
so the norm-topology of A(Y) is the same as its 0(A(Y))-adic topology. Moreover,
AlY]No(A(Y))" = o(A)"A[Y], for all n,

so A(Y') with the o(A(Y"))-adic topology is a completion of its noetherian subring
A[Y] with the o(A)A[Y]-adic topology. Then A(Y) is noetherian by [26, Theorem
8.12], so A(Y') inherits the conditions we imposed on A at the beginning of this
section.

Passing to A/I. Let I be a proper ideal of A. Since A is noetherian, [ is closed in
A by [26, Theorem 8.14]. We equip A/I with its quotient norm, and observe that
the ring morphism

AY) = (A/D)(Y),  f=) aY"— f/1:=) (a,+)Y"

is surjective and that its kernel contains ITA(Y'). Moreover:

Lemma 5.2. The ring morphism A(Y') — (A/I){Y) has the following properties:
(i) its kernel is TA{Y), a closed proper ideal of A(Y');
(ii) the induced ring isomorphism
AY)/TAY) = (A/D)(Y)
is norm preserving, with the quotient norm on A{Y)/IA(Y);
(iii) for f,g1,...,9n € A(Y) we have (f/I)(g1/1,...,9n/I) = f(g1,---,gn)/I.

Proof. Suppose f(Y) = >, a,Y" € A(Y) is in the kernel. Then all a, € I. For
some d > 1 we have an equality f(Y) = >, |4 @ufu(Y) with p ranging over N”
and all f,(Y) € A(Y), hence f(Y) € TA(Y). Verifying (ii) is routine using the
definitions of the norms involved. Item (iii) is an easy consequence of (ii). O

The effect on A-rings. Our noetherian assumption on A has consequences for
A-rings. In the rest of this section R is an A-ring, and Z = (Z1,...,ZN) as before.
With (¢y,) the A-analytic structure of R, here is a corollary of Lemma 5.2(i):

Corollary 5.3. Suppose the proper ideal I of A is contained in the kernel of tq.
Then we have an (A/I)-analytic structure (1, /I), on R given by

(n/D(f/T) = wn(f) for fe AY).

Lemma 5.4. Let f =3 a,(X)Y" € AX)(Y) = A(X,Y). Suppose x € R™ and
f(z,Y) =0, that is, a,(xz) =0 for allv. Then f(x,y) =0 for ally € R".

Proof. With A(X) in the role of A, the above gives a finite sum decomposition
[ = 22 \u<d@ufu with the f, € A(X,Y), which yields the desired conclusion. [

We can now prove the following key universal property of the A-ring R(Z):
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Theorem 5.5. Let ¢ : R — R* be an A-ring morphism and z = (21,...,2N) €
(R*)N. Then ¢ estends uniquely to an A-ring morphism R(Z) — R* sending
Ziyeos ZN tO 21,..., 2N, Tespectively.

Proof. Let g(Z) € R(Z). Take f(X,Z) € A(X,Z) and € R™ such that g(Z) =
f(z,Z), and set g(z) := f(¢p(x),z) € R*. By Lemma 5.4 (with Z instead of Y') and
the usual arguments with dummy variables, this element of R* depends only on ¢(Z)
and z, not on the choice of m, f,x. Moreover, the map ¢g(Z) — ¢(z) : R(Z) — R*
is a ring morphism that extends ¢ and sends Z; to z; for j = 1,..., N. One also
verifies easily that for F € A(Y) and ¢1,...,9, € R(Z) we have

F(g1, -5 90)(2) = F(g1(2),---,9n(2)),

so this map R(Z) — R* is an A-ring morphism. O
We retain the notation g(z) introduced in the proof above. In Theorem 5.5, g €
R{(Zy,...,Z;) with i < N gives g(z1,...,2;) = g(21,...,2n) where on the right we
take g as an element of R(Z). For R = R* and ¢ the identity on R this theorem

gives the evaluation map g — ¢(z) : R(Z) — R promised earlier as a morphism of
A-rings. It is also a morphism of R-algebras.

Lemma 5.6. Let 2 € RY. Then the kernel of the morphism g+ g(z) : R(Z) — R
of R-algebras is the ideal (Zy — z1,...,Zn — z2n)R(Z) of R(Z).

Proof. For N > 1, Lemma 3.4 gives R(Z) = (Zy — zn)R(Z) + R(Z1,..., Zn_1).
Proceeding inductively we obtain R(Z) = (Z1 — z1,...,Zn — z2n)R{(Z) + R, which
gives the desired result. O

Note also that the map
R(Z) — ring of R-valued functions on RV

assigning to each g € R(Z) the function z — g¢(z) is an R-algebra morphism.

Another special case of Theorem 5.5: let R* be an A-ring extending R, let ¢ be
the resulting inclusion R — R*(Z), and z; := Z; € R*(Z) for j =1,...,N. Then
the corresponding A-ring morphism R(Z) — R*(Z) is a restriction of the inclusion
R[[Z]] — R*[[Z]] and sends f(z,Z) € R(Z) for f € A(X,Z) and x € R™ to
f(z,Z) € R*(Z). We identify R(Z) with an A-subring of R*(Z) via this morphism.
Thus in the situation of Lemma 4.4 we have
Rly) = {9(y): g€ RY)}.

Let I be an ideal of R. Then the canonical map R — R/I extends to the morphism
R(Z) — (R/I){Z) of A-rings sending Z; to Z; for j =1,..., N, and we have:
Lemma 5.7. The kernel of the above morphism R(Z) — (R/I)(Z) is IR(Z).

Proof. With 3 ranging over NV, this morphism is a restriction of the ring morphism

> ep2? > (ep+1Z° : R[Z]] > (R/D)[[Z)]  (allcs €R),
B «

so IR(Z) is contained in the kernel. Suppose f(z, Z) is in the kernel where z € R™
and f(X,Z) =3, ag(X)ZP € A(X,Z). Then all ag(x) € I, and since for some
d > 1 we have an equality f(X,Z) =}, <4 0a(X)/fa(X, Z) with o ranging over
NV and all £, (X, Z) € A(X, Z), substitution of x for X gives f(z,Z) € IR(Z). O
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Corollary 5.8. Let J := y/o(A)R. Then JR(Z) = \/o(A)R(Z).

Proof. We have o(A)R(Z) C JR(Z) C \/o . It remains to note that JR(Z)
is a radical ideal of R(Z), by Lemma 5.7 and a part of Corollary 4.12. O

Let € R™, construe R as an (A, x)-ring, so R is equipped with a certain A(X)-
analytic structure, and let ¢ : R — R* be an A-ring morphism. Then ¢ : R — R*
is also an A(X)-ring morphism where we construe R* as an (A4, ¢(x))-ring, with
¢(x) = (¢(x1),...,¢(xm)). For z € (R*)V the unique extension of ¢ to an A-
ring morphism R(Z) — R* sending Z;,...,Zn to z1,..., 2y is also an A(X)-ring
morphism. In other words, for g € R(Z) and z € (R*)N the two ways of interpreting
g(z) give the same element of R*, and so this raises no conflict of notation.

Substituting elements of R(Z) in elements of R(Y). Here is another case of
Theorem 5.5: let g1,...,9, € R(Z) and ¢ : R — R(Z) the inclusion map. Then ¢
extends uniquely to the A-ring morphism

that sends Y7,...,Y, to g1,...,gn. For z € RY we have

f(glw"vgn)(z) = f(gl(z)a'“vgn(z))‘

This follows for example from the uniqueness in Theorem 5.5.
Let now n,d > 1. For N =n and Y = Z this yields the automorphism

FY) = f(Ta(Y)
of the A-ring R(Y) and the R-algebra R(Y), with inverse g(Y) — g(T; ' (Y)).
Let f € A(X,Z), g1(X, Z),...,9gn(X,Z) € A(X, Z), and set
h(X,Z) = f(X,0(X,2),....98(X,2)) € A(X, Z).

Then for x € R™ we can interpret f(x,gl(x, Z),... ,gN(ac,Z)) on the one hand
as h(z,Z) € R(Z), and on the other hand as the element of R(Z) obtained by
evaluating f at the point (z,g1(z, 2),...,gn(x, Z)) € R(Z)™N according to the
A-analytic structure we gave R(Z). By the uniqueness in Theorem 5.5 these two
elements of R({Z) are equal, so this raises no conflict of notation.

Introducing K(Y). Let the A-ring R be a domain with fraction field K. Set
K(Y) = {c'g(Y): c€ R, g(Y) € R(Y) C K[[Y]}}
Thus K(Y) is a subring of K|[[Y]] and contains R(Y) as a subring. For n,d > 1

the automorphism g(Y) — g(T4(Y)) of the A-ring R(Y') extends (uniquely) to an
automorphism of the K-algebra K(Y'), also to be indicated by g — g(Ty(Y)).

Lemma 5.9. K(Y) N R[[Y]] = R(Y), inside the ambient ring K[[Y]].

Proof. The inclusion D is clear. For the reverse inclusion, let g € K(Y) N R[[Y]].
Now g = ¢ 'Y a,(2)Y” with ¢ € R” and Y, a,(X)Y” € A(X,Y), z € R™.
By Lemma 5.1 applied to A(X) instead of A we have d € N®! such that for all
v with [v| = d we have a,(X) = 3_ | 4u(X)bu,(X) where the b, € o(A(X))
are chosen such that b,, — 0 as |v| — oo for each fixed p with |p| < d. Put
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uy, == ¢ tay,(z) € R for |p| < d. Then with a tuple U = (U,)u|<q of new variables
and setting

FX,UY) = Y UY"+ > (D buw(X)U,)Y" € AX,U,Y)
lpl<d lv|>d |ul<d
we have g(Y) = F(z,u,Y) € R(Y). O

For y € R™ and f(Y) = ¢ 'g(Y) € K(Y) with ¢ € R*,g(Y) € R(Y), the element
¢ 1g(y) € K depends only on f,y, not on ¢, g, and so we can define f(y) := ¢ 1g(y).
The map f — f(y) : K(Y) = K is a K-algebra morphism, extending the evaluation
maps K[Y] — K and R[Y] — R sending Y3,...,Y, to y1,...,yn, respectively. By
Lemma 5.6 its kernel is the maximal ideal (Y1 — y1,...,Y, — yn) K(Y) of K(Y).

Suppose the A-ring S extends R, and is a domain with fraction field L taken as
a field extension of K. Then L[[Y]] has subrings R(Y), K(Y), S(Y), L(Y) with
K(Y) C L{Y'). In this situation we have:

Lemma 5.10. Assume S is integral over R and by, ..., by, is a basis of the K -linear
space L. Then L{Y) is a free K(Y)-module with basis by, ..., by,.

Proof. Let g € L{Y) and take ¢ € L* such that ¢g € S(Y'). Corollary 4.13 tells us
that S(Y) is generated as a ring over its subring R(Y') by S, so cg = 3 ; a;9; with
finite J, and a; € S, g; € R(Y) forallj € J,s09 =3, ¢ ajg;. Each ¢ 'a; is a K-
linear combination of by, ..., by, 80 g = by f1+ -+ by frn with f1,..., fin € K(Y).
Moreover, if fi,..., f;n € K(Y) are not all zero, then by f1 + -+ + by, frn # 0, by
considering a monomial Y for which one of the f; has a nonzero coefficient. O

6. VALUATION RINGS WITH A-ANALYTIC STRUCTURE

We begin with generalities that do not require A to be noetherian. A waluation
A-ring is an A-ring whose underlying ring is a valuation ring. An A-field is a
valued field whose valuation ring is equipped with an A-analytic structure making
it a valuation A-ring. The language ﬁé) p is the language £4 of A-rings augmented
with a binary relation symbol = (to encode the valuation) and a binary function
symbol D (for restricted division). We construe an A-field K as an E’;" p-structure
as follows, where R is the valuation A-ring of K:

e any f € A(Y) is interpreted as the n-ary operation on K giving f(y) its
A-ring value in R for y € R", and f(y) := 0 for y ¢ R™;

* 1< Y2 S Y€ Yl

e D(y1,y2) =y1/y2 if y1 < y2 # 0, and D(y1,y2) := 0 otherwise.
This makes R an £< _p-substructure of K. We define an A-extension of K to be
a valued field extension of K whose valuation ring is equipped with an A-analytic
structure that makes it an extension of the A-ring R. Thus any A-extension L of
K is an A-field and naturally an ['2, p-structure so that K is a substructure of L.

Lemma 6.1. Let K be an A-field with valuation A-ring R. Suppose E is an [,‘%"D—
substructure of K. Then:
(i) Rg :={a € E: a < 1} is an A-subring of R and is a valuation ring
dominated by R;
(ii) E C Frac(Rg) C K, and E is a valuation ring.
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Proof. Tt is clear that Rg is an A-subring of R. For a,b € Rg, either a < b, and
then a = D(a,b)b, D(a,b) € Rg, so a € Rgb, or b < a, and then likewise b € Rga.
Thus Rg is a valuation ring. It is also clear that R dominates Rg. For a € F, if
a < 1, then a € Rg, so a € Frac(Rg), and if a = 1, then D(1,a) = a~! € Rg, and
so again a € Frac(Rg). Since R is a valuation ring of Frac(Rg), so is E. O

The A-extension generated over K by an element z. The language E:::g is
/j’;" p augmented by names (constant symbols), one for each element of K, and we
construe K and any A-extension of it accordingly as an Ei:g—structure. Let L be
an A-extension of K. Let Z be an indeterminate and z € L. Then any Ei:g—term
7(Z) yields an element 7(z) € L. The set {7(2) : 7(Z) is an L’i”g-term} underlies
a substructure of the Ei‘ _p-structure L, namely the smallest substructure of the
CQ‘ p-structure L that contains K U{z}; we do not claim this set is the underlying

set of a subfield of L. Instead we call attention to the A-closed subring R, of R,
with underlying set

{r(z): 7(Z) is an L:"ID(—term and 7(z) < 1}.
Note: RC R,;if z< 1, then z € R,; if 2 > 1, then 27! € R,.
Lemma 6.2. R, is a valuation ring dominated by Ry, .
Proof. For L in the role of K this is a special case of Lemma 6.1(i). g

Let K, be the fraction field of R, inside L, equipped with the valuation A-ring R,.
This makes K, into an A-extension of K, and an /32’ p-substructure of L. Thus

7(2) € K, for every £2:g—term 7(2).

Corollary 6.3. K, is the smallest substructure of the EiD—structure L that con-
tains K U {z} and whose underlying ring is a field. As a consequence, if z < 1,
then R, is the smallest A-closed subring of Ry that contains R U {z} and whose
underlying ring is a valuation ring dominated by Ry, .

In the rest of this section, A is noetherian with an ideal o(A) # A, such that
N.o(A)¢ = {0} and A is o(A)-adically complete. Also, R is always a valuation
A-ring, and we let o(R) denote the maximal ideal of R. Thus 0o(A)R = tR for some
t € 0o(A). We let k = R/o(R) denote the residue field of R, and K its fraction field.
We construe the A-field K as an E‘i, p-structure as described earlier.

Viability. We define R to be viable if o(A)R = o(R) # {0} (so R is not a field).
(This notion of viability is simpler and stricter than in [5], where extra flexibility
was needed to be able to pass to A-extensions of K of finite degree. In the present
set-up we we don’t need to do that.) In order to make our Weierstrass preparation
and division theorems useful for the model theory of R as a valuation A-ring we
assume in the rest of this section:

R is viable.

Thus we have ¢ € 0(A) with 1o(t) # 0 and o(R) = tR, and then vt := v(1o(t)) is the
smallest positive element of I'. Below we fix such ¢ and identify Z with its image
inI' via k +— k- ovt, so vt =1 and Z is a convex subgroup of I'. It is clear that
viability is inherited by A-subfields:
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Lemma 6.4. Suppose Kg is a valued subfield of K and its valuation ring Ry =
RN Ky is an A-subring of R. Then the valuation A-ring Ry is viable.

Note that R is henselian, by Lemma 4.3, so for any field extension F' of K which
is algebraic over K there is a unique valuation ring of F lying over R, and this
valuation ring is the integral closure of R in F. Thus by Corollary 4.8:

Corollary 6.5. If L is a valued field extension of K and is algebraic over K, then
L has a unique expansion to an A-extension of K.

In this corollary L might be an algebraic closure of K, in which case its valuation
ring is the integral closure of R in L, and unlike the maximal ideal of R, the maximal
ideal of this integral closure is not principal.

Corollary 6.6. If z is algebraic over K, then K(z) is the underlying field of K.

Proof. Suppose z is algebraic over K. Then the valued subfield K(z) of L expands
uniquely to an A-extension of K by Lemma 6.5. This A-extension is then an ﬁé) D-
substructure of L by Corollary 4.8. Now use Corollary 6.3. O

By the viability assumption on R the model theoretic results at the end of this paper
do not apply to algebraically closed valued fields whose valuation ring is equipped
with an A-analytic structure. To avoid this viability assumption one could replace
the restricted power series rings over A with rings of separated power series over A
where some variables range as before over the valuation ring and the other (formal)
variables only over its maximal ideal. This is the direction taken by Lipshitz [24];
see also Lipshitz and Robinson [25]. Our treatment can probably be extended in
this direction as well, but this will not be done here.
An A-extension of K is said to be wviable if its valuation A-ring is viable.

Weierstrass preparation and division with parameters. Let

f=) XY cAXY), nxl

We now study how Weierstrass preparation applies to f(z,Y) for x € R™, and
how this depends on . Lemma 5.1 with A(X) in the role of A gives d > 1 and
b € 0(A(X)) for |u| < d and |v| > d. As before we set for |u| < d,

fu =Y+ Y b Y e AXY),  f =) aufu
lv|=d || <d

We order N™ lexicographically and for p with |u| < d we set

I(p) == {A: A <d, A<u}, Jw) = {X: [\ <d, A>pu}, so

(*) = Z axfa+apfu + Z axfa
AEI(p) AEJ (1)
Now fix p with |u| < d and introduce tuples
Uy = (Usy : A € I(p)), V= Vo A e d(p)

of indeterminates, different from each other and from the X; and Yj. Set

Fyo= Y Uph+fut Y, tVauhr € AUV, X,Y),

AEI(p) AEJ ()
F, = F,(U,V,, X, Tu(Y)) € AU, V., X, Y).
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Note that for n = 1 we have Ty(Y) =Y, so F, = F),.

Lemma 6.7. F, is reqular of degree { := jiyd™ ' + -+ + iy, in Yy, and so
F, = E-(Y/+GY/ '+ +Gy)

for a unit E of A(U,,V,,X,Y) and suitable G1,...,G¢ € A(U,,V,, X,Y’).

Here is a consequence of Lemma 6.7 for n =1 (so Y = Y7):

Corollary 6.8. Letn=1 and g(Y) = Z;io c;YI € K(Y), g #0. Then:
(i) there is p € N with ¢; < ¢, > ¢; whenever i < pn < j;
(ii) for the unique p in (i) we have g(Y) =c-r(Y) - (YF 4+ Y+ 1 +---+g,)
withc=c, € K*, r(Y)e R(Y)*, and ¢1,...,9, € R.

Proof. We multiply g by an element of K* to arrange g € R(Y). Then g(Y) =
f(a,Y) with 2 € R™ and f = f(X,Y) = 3, a;(X)Y7 in A(X,Y), so ¢; = aj(x)
for all j. Lemma 5.1 with A(X) in the role of A gives d > 1 and b;; € 0o(A(X)) for
i <d < jsuchthat a; =3, _,a;b;; for all j > d. Set

v o= migv(ci), poi= max{i <d: v(c) ="}
1<

Then (i) holds for this u: for p < j, distinguish the cases j < d and j > d.

For (ii) we use the identities above for n = 1 and our f. The identity () yields
f=2c aifi +apfu + 3, icqqifi. Substituting x for X and factoring out
¢:= ¢, = a,(z) (possible because ¢ # 0) gives

C_lg(Y) = Z(ci/c)fi(xvy) + fM(Qj?Y) + Z (ci/c) fi(z,Y),
i<p p<i<d
so for u:= (¢;/c:i < p) € R*and v := (¢;/tc: p <i<d) € R we have
¢ tg(Y) = F,(u,v,2,Y). Now applying Lemma 6.7 for n = 1 shows that (ii) holds
with 7(Y) = E(u,v,2,Y) and g; = G;(u,v,z) for i =1,..., pu. O
Note that the proof above uses in a crucial way that o(R) = tR.

Corollary 6.9. Let R* be an A-ring extending R, and suppose y € R* is not
integral over R. Then R(y) has the following properties, with n =1 in (i):
(i) the morphism g(Y) — g(y) : R(Y) = R(y) of A-rings is an isomorphism;
(ii) R({y) is a domain but not a valuation ring;
(iii) inside the ambient field Frac(R(y)) we have R{y) € K(y).

Proof. For (ii), use that Y ¢ tR(Y) and ¢t ¢ YR(Y). For (iii), if chark # 2, then

the polynomial Z? — (1 + ty) has a zero in R(y) by Corollary 4.16, but has no zero
in K(y). If char k = 2, use instead the polynomial Z3 — (1 + ty). |

We return to our f(X,Y) € A(X,Y) with n > 1. To find out how Weierstrass
preparation for f(z,Y) depends on z € R™, we now introduce the quantifier-free
L4-formulas Z(X) and S,,(X) (for |u| < d) in the variables X:

Z(X) = N auX)=0,
|u|<d

= a,(X)#0A( /\ ax(X) < au(X)) A ( /\ ax(X) < au(X) ).

XeI(p) HEJT (1)

=
s
|
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Lemma 6.10. For the Eg—structure R we have the following:
(i) for allx € R™, Z(x) holds or S,,(z) holds for some p with |u| < d;
(ii) suppose x € R™, |u| < d, and S, (x) holds; so uy, = ax(x)/a,(z) € R for
X e I(p) and vy, := ax(z)/ta,(x) € R for A € J(pn). Then with
u, = (uxny : A€ I(p)), v, = (v A€ J(w),
and E,G1q,...,Gp as in Lemma 6.7 we have
f(2,Ta(Y)) = au(@)F.(uu,vu,2,Y) in R(Y)
and F, (uy,v,,x,Y) equals, in R(Y'), the product
E(uy,v,,2,Y)- (Yf + Gy (up, v, 2, YV 4o Go(up, vy, ,Y")).
We can now prove a converse of Lemma 5.4:

Lemma 6.11. Suppose x € R™ and f(x,y) =0 for ally € R™. Then f(x,Y) = 0.

Proof. If Z(z) holds, then a,(x) = 0 for all v, that is, f(z,Y) = 0. Next assume
|p| < d and S, (z) # 0. Then by (ii) of Lemma 6.10 we have a monic polynomial
in R[Y,] vanishing identically on R. This is impossible as R is infinite. (]

Corollary 6.12. If g € R(Y) and g(y) =0 for all y € R", then g = 0.
By the last corollary, the map
K(Y) — ring of K-valued functions on R"
that assigns to each g € K(Y') the function y — ¢(y) on R™ is an injective morphism
of K-algebras.

Consequences for K (Y) of Weierstrass division. For an algebraic closure Kyig
of K, the integral closure R, of R in K, is the unique valuation ring of K,
dominating R, and has a unique A-analytic structure extending that of R.

More generally, we fix below an algebraically closed valued field extension K® of
K (not necessarily an algebraic closure of K'), whose valuation ring R* is equipped
with an A-analytic structure extending that of R. This gives rise to K (V') C K2(Y)
and for y € (R*)™ we have the evaluation map g — ¢(y) : K*(Y) — K?, which for
y € R™ extends the previous evaluation map K(Y) — K.

Lemma 6.13. If FE is a unit of R(Y), then E(y) <1 for all y € (R*)™.
This is clear. The next two lemmas follow easily from (%) and Lemma 6.10.
Lemma 6.14. Let g(Y) =), ¢, YV € R(Y), g #0. Then:
(i) there is a d > 1 and an index p € N™ with |u| < d such that
¢y < ¢, whenever |v| <d, ¢, < ¢, whenever |v| > d;
(ii) if v <1 for all v, then g(y) < 1 for all y € (R*)™.
Lemma 6.15. Let g(Y) € K(Y)#, n > 1. Then for some d € N*! and ¢ € N,
(1) 9(Ta(Y)) = ¢ E(Y)- (Y + (Y)Y, 4+ a(Y))

where c € K*, E(Y) € R(Y) is a unit, and c1(Y"),...,ce(Y') € R(Y').
(i) RY) = (Yi+a(Y)Y 4 +alY)RY)+ 3, RY)Y, and

KE(Y) = g(Ta(Y)K(Y) + ) _K(Y")Y,.
i<l
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Proof. For (ii), use a reduction to A(X,Y") and appeal to Lemma 3.4. O
Weierstrass division leads in the usual way to noetherianity of K(Y) and more:

Theorem 6.16. The integral domain K(Y') has the following properties:
(i) K(Y) is noetherian,
and for every proper ideal I of K(Y):
(ii) there is an injective K-algebra morphism K(Y1,...,Yy) — K(Y)/I with
m < n, making K{Y)/I into a finitely generated K(Y1,...,Y;,)-module;
(iii) there is y € (R*)™ such that f(y) =0 for all f € 1.

Proof. By induction on n. The case n = 0 being obvious, let n > 1. Recall that
for d € N*! we have the automorphism g(Y') — g(T4(Y)) of the K-algebra K(Y).
Let I be an ideal of K(Y), I # {0}. Take a nonzero g € I. To show [ is finitely
generated we apply an automorphism as above and use Lemma 6.15 to arrange
g=Y! e (Y)Y,! L4 4 ep(Y) with £ €N, ¢y, ...,c0 € R(Y'), and

R(Y) = gR(Y)+ ) R — K({) = gK(Y)+) K({Y"Y,.

i<t i<t
For ¢ = 0 this means ¢ = 1, and we are done, so assume £ > 1. Then the in-
clusion K(Y') — K(Y) followed by the canonical map K(Y) — K(Y)/(g) makes
K(Y)/(g) a K(Y')-module that is generated by the images of the Y, with i < ¢.
Assuming inductively that K(Y”) is noetherian, it follows that K(Y)/(g) is noe-
therian as a K(Y”)-module, and thus as a ring. Hence the image of T in K(Y)/(g)
is finitely generated, say by the images of ¢1,...,g9x € I, k € N. Then I is gen-
erated by ¢,91,...,9x. This proves noetherianity of K(Y). Let now I also be
proper, that is, 1 ¢ I, and set I’ := I N K(Y’). The natural K-algebra embed-
ding K(Y')/I' — K(Y)/I makes K(Y)/I a finitely generated K(Y’)/I’-module by
the above. Assuming inductively that (ii) holds for n — 1, K(Y”), I’ instead of
n, K(Y), I yields (ii). For (iii) we can arrange that I is a maximal ideal of K(Y').
Then in (ii) we have m = 0, so K(Y)/I is finite-dimensional as a vector space
over K, hence algebraic over K as a field extension of K. This gives a K-algebra
morphism ¢ : K(Y) — K? with kernel T and ¢(K(Y)) algebraic over K. We set
Y=Y,y yn) = (6(Y1),...,6(Yy)) € (K*)™. We claim that ¢(R(Y)) C R* (and
thus ¢(R(Y")) is integral over R).

Using ¢(g) = 0 gives ¢(R(Y)) = >, _, #(R(Y"))ys. Since I’ is a maximal ideal of
K(Y') we can assume inductively that ¢(R(Y”)) C R*, so ¢(R(Y)) C >°,_, R*yi,.
Now ¢(g) = 0 means

Yo +0(a(Y)yn ™"+ o(e(Y) =0,
with ¢(cj(Y’)) € R* for j = 1,...,¢. Hence y, € R?®, which proves the claim.
Therefore y € (R*)™, and by Corollary 4.9 the restriction of ¢ to a map R(Y') — R*
is a morphism of A-rings. Thus for f(Y) € R(Y) we have ¢(f(Y)) = f(y), in
particular, f(y) =0 for all f € I. O

7. IMMEDIATE A-EXTENSIONS

The study of immediate extensions of valued fields plays a key role in proving AKE-
results via model theory and valuation theory. We try to follow this pattern. By
Lemma 4.3 and Corollary 6.5, the case of algebraic immediate extensions is under
control (at least in the equicharacteristic 0 case), so we are left with proving that a
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pseudocauchy sequence of transcendental type “generates” an immediate extension.
The problem is that the valuation ring of such an extension should now be an A-
ring, and thus closed under many more operations than in the non-analytic setting.
In this section we show how to overcome this problem. This section uses only the
material of Section 6 that precedes Lemma 6.10.

Below we assume some familiarity with [13, Section 4]; when using a result from
those lecture notes we shall indicate the specific reference.

We continue with the previously set assumptions on A and R: A is noetherian
with an ideal 0(A) # A such that (), 0(A)° = {0} and A is o(A)-adically complete;
R is a viable valuation A-ring. We fix t € 0o(A) with o(R) = tR, and adopt the
notations and terminology concerning R and its fraction field K from Section 6,
with the valuation v : K* — I" on K such that R = {a € K : va > 0}, so vt is the
least positive element of I'. For any valued field extension L of K welet I'y, D T be
the value group of L and denote the valuation of L also by v, so that v : L* — I'g,
extends v : K* — T

By [13, Lemma 4.3] and the remark following its proof, any pc-sequence in K
has a pseudolimit in some elementary C‘;‘—extension of K; any such extension is an
A-extension of K whose valuation A-ring inherits the conditions we imposed on R.

Immediate A-extensions generated by a pseudocauchy sequence. In this
subsection L is an A-extension of K. Thus the valuation A-ring S of L extends the
A-ring R and dominates R. We also view any subfield F' of L as a valued subfield
of L, and thus as a valued field extension of K if K C F.

With pe abbreviating pseudocauchy, let (a,) be a pc-sequence in K of transcen-
dental type over K, with all a, € R, and with pseudolimit a € L. Thena € S, a is
transcendental over K, and the valued subfield K (a) of L is an immediate extension
of K, by [13, Theorem 4.9]. But the valuation ring of K (a) does not contain R(a)
by Corollary 6.9, and so is not A-closed in S.

Is there a valued subfield K, O K(a) of L that is an immediate extension of K
and whose valuation ring R, is A-closed in S? Such R, must contain R(a), but
has to be strictly larger, since R{a) is not a valuation ring, by Corollary 6.9.

To answer the question above affirmatively we proceed as follows. Take an index
po such that for p > po,

a = a,+tou, t,eK* t,<1, u,eK(a), u, =<1,

and v(t,) is strictly increasing as a function of p > pg. Then for indices o > p > po
we have R[u,| C R[u,|, and thus

R(a) € R(u,) C R(u,).

This yields an A-closed subring R, := U, ,, R(u,) of S. Note that R, does not
change upon increasing pg, and the next proposition shows more: as the notation
suggests, R, depends only on R and a, not on (a,).

Proposition 7.1. The subring R, of S has the following properties:

(i) the valued subfield K, := Frac(R,) of L is an immediate extension of K ;
(ii) Ry is the least A-closed subring of S, with respect to inclusion, that contains
Rla] and is a valuation ring dominated by S;
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Proof. Let P € K[Y]\ K where n = 1, so Y = Y;. Let I be the set of ¢ in
{1,...,deg P} with P;(Y) # 0. Then I # () and for all p > py,

P(a) = P(a,)+ Z Piy(a,)(a — ap)i = P(a,)+ Z tf)P(i)(ap)uf).
iel iel
The proof of [13, Proposition 4.7] gives ig € I such that, eventually,
foralli € I\ {io}, t9Puy(ap,) = t)Pu)(a,),
P(a) — P(a,) ~ tf;’P(io)(ap),
and v(thOP(iO)(ap)) = v(P(a) — P(a,)) is eventually strictly increasing. Now (a,)

is of transcendental type over K, so v(P(ap)) is eventually constant, and thus
P(a,) = P(a) — P(a,), eventually. Thus eventually,

P(a) = P(a,)- 1+Z oo (ap) u;’, € P(a,) - (1+tR(u,)).
iel

Now suppose Q(Y) € K[Y]”. Then likewise we have for j = 1,...,deg @ that
eventually 0 # Q(a,) > tzQ(j)(ap), so eventually

deg Q 4

Q) = Qap) - (1+ Z PQ(” a" LEEsul) € Qlay) - (1+tR{u,)).

Therefore, if P(a) < Q(a), then eventually SEZZ; € R, and so eventually

Pl@) _ Pla)
Q@) © Qlay)

Thus the valuation ring of the valued subfield K (a) of L is contained in R,. Now
we use the reduction to polynomials from Corollary 6.8(ii) to the effect that for g, h
in R(Y') with h # 0, if g(a) < h(a), then g(a)/h(a) € R,. Thus the valuation ring
of the valued subfield Frac(R(a)) of L is contained in R,, and it also follows from
the last display that Frac(R(a)) is an immediate extension of K.

Next, fix p > po and note that for o > p we have

~(1+tR(u,)) € R-(1+tR(u,)) C Rlu,).

Uy — Q t
Up = Agp + toplo, app = ——L € R, top == —,
t, o
and (asp)o>p is @ pe-sequence in K and of transcendental type over K such that
Agp ~ 2 . %2 = u,. Hence the above arguments applied to u, instead of a show that

F‘rac(R(uZ)) as a valued subfield of L is an immediate extension of K, and that the
valuation ring of Frac(R(u,)) is contained in {J,. , R(us) = Ro. Taking the union
over all p > pg and using R, C S yields that R, is the valuation ring of the valued
subfield K, := Frac(R,) of L, and that K, is an immediate extension of K. This
proves (i) and also shows that S dominates R,.

As to (ii), let R* be any A-closed subring of S containing R[a] such that R* is
a valuation ring dominated by S. Then clearly u, € R* for all p > po, and thus
R, C R*. O

We keep (a,) for now, and show that K, is essentially unique:
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Corollary 7.2. Let L' be an A-extension of K with valuation A-ring S’. Suppose
a, ~ a' €8, thus giving rise to R,y C Ko C L'. Then there is a unique isomor-
phism R, — Ry of A-rings that is the identity on R and sends a to a’. It extends
to a valued field isomorphism K, — K, .

Proof. Using notations from the proof of Proposition 7.1 we have a’ = a, + t,u],
with u), € K(a'), uj, < 1 for p > po. That same proof and Corollary 6.9 yields for
all p > po a unique isomorphism R(u,) — R{u) of A-rings that is the identity on
R and sends u,, to u;,. Moreover, for o > p > py we have

/ /
Up = Qgp t+ toplo, u, = Qgp + toply,

and so the above isomorphism R{u,) — R{ul) extends the above isomorphism
R(u,) — R(uj,). Taking the union over all p > po yields an isomorphism R, — R/
of A-rings that is the identity on R and sends a to a’. Any such isomorphism sends
u, to u’p for p > pg, and this gives uniqueness. Now R, and R, are the valuation
rings of K, and K/, so this isomorphism R, — R, extends to an isomorphism
K, — K, of valued fields. O

Uniqueness of maximal immediate extensions over A. The results in this
subsection about maximal immediate A-extensions will not be used later, but are
included for their intrinsic interest. So far we did not restrict the characteristic of
k or K, but now we also assume:

Fither char(k) = 0 (the equicharacteristic 0 case), or K as a valued field is finitely
ramified of mized characteristic.

This is a well-known sufficient condition for an ordinary valued field to have an
essentially unique maximal immediate extension; see [13, 4.29]. We now adapt this
to our A-setting. A first consequence of the present assumptions is that K has
no proper algebraic immediate A-extension, by [13, Corollary 4.22]. Note that any
immediate A-extension of K inherits all the conditions we imposed so far on K. By
a maximal immediate A-extension of K we mean an immediate A-extension L of
K such that L has no proper immediate A-extension. The previous subsection, the
nonexistence of proper algebraic immediate A-extensions of K, and [13, Section 4]
yield for an immediate A-extension L of K that the following are equivalent:

(1) L is a maximal immediate A-extension of K,
(2) L is maximal as a valued field,
(3) L is spherically complete.

Corollary 7.3. K has a mazimal immediate A-extension, and such an extension
18 unique up to [,2 -isomorphism over K.

Proof. This goes along the same lines as the proof for ordinary valued fields: First,
existence of a maximal immediate A-extension of K follows by Zorn and Krull’s
cardinality bound, like [13, Corollary 4.14]. As to uniqueness, using Corollary 7.2
this goes as in the proof of [13, Corollary 4.29]. O

Using Corollary 7.2 we obtain in the same way:

Corollary 7.4. Any mazimal immediate A-extension of K can be embedded, as an
E‘;‘ -structure, into any |T|T-saturated A-extension of K.
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8. TRUNCATION

The aim of this section is to prove an A-version of Kaplansky’s embedding theorem
from [23] “with truncation”. This section is not needed for the later AKE-results,
but is included for its independent interest. Returning to the Hahn field example
from the beginning of Section 4 we are given:

(1) aring Ap with 1 # 0,

(2) A = Ap|[[t]] with the norm specified there,

(3) a ring morphism ¢ : Ag — k into a field k,

(4) an ordered abelian group I' with a distinguished element 1 > 0 (allowing
the possibility that there are v € T" with 0 < v < 1).

As in the example mentioned we use this to make the valuation ring k[[trz]] of the
Hahn field K := k((t")) into an A-ring.

Preserving truncation closedness. We refer to [14] for notations and termi-
nology concerning truncation in K. The A-closed subrings to(A) = ¢(A4o)[[t]] and
k[[t]] of k[[trz]] are also truncation closed. This subsection uses the “Hahn field
example” from Section 4, but little else from the present paper.

Lemma 8.1. Let E be a truncation closed subring of k[[tr>}]. Then the A-closure
R of E in k[[tr>]} is also truncation closed.

Proof. We have tg(A) = t(Ap)[[t]] C R, so E[,p(A)] C R. Now 19(A) is truncation
closed, hence E U to(A) is as well, and so is E[o(A)] by [14, Corollary 2.5]. Thus
replacing F by E[ug(A)] we arrange 1o(A) C E. Let F be a truncation closed subring
of R containing E such that F' # R; in view of [14, Corollary 2.6] and Zorn it suffices
to show that then some element of R\ F has all its proper truncations in F. Let
n be minimal such that there are y € F™ and f € A(Y) with f(y) ¢ F. Because of
to(A) C F we have n > 1. With the lexicographic ordering on n-tuples (A1,...,\,)
of ordinals we take y € F with minimal (o(y1),...,0(yn)) such that f(y) ¢ F for
some f € A(Y). Fix such f; it suffices to show that then all proper truncations of
f(y) lie in F. Minimality of n gives y1,...,Yn # 0, 80 0(y1),...,0(yn) = 1.

Let ¢ be a proper truncation of f(y). Take v € {1} Usuppys U--- U suppyn
and a positive integer N such that N+ > suppc. We first consider the case v = 1.
Then f(Y) = P(Y) +tVQ(Y) with P(Y) € A[Y] and Q(Y) € A(Y). Hence
f(y) = P(y) + tNQ(y) with v(tVQ(y)) > N~, so ¢ is a truncation of P(y), and as
P(y) € F and F is truncation closed, this gives ¢ € F.

Next assume v € suppy,. (For any j € {1,...,n — 1} the case v € suppy; is
similar.) Then y,, = yno + z with y,0,2 € F and supp yno < 7y, v(z) = v. We have
fosooo, fno1 € AY), g(Y, Z) € A(Y, Z) such that

fVi Y, Y+ 2) = Y Hi(V)Z' +9(Y,Z2)ZV, so
i<N
fly) = Z it Un—1,Yn0)2" + &, v(e) = N7v.
i<N
Thus ¢ is a truncation of d := Y, _x fi(y1,-- -, Yn—1,Yn0)2". Since o(yno) < 0(yn),

the minimality of (o(y1),...,0(yn)) gives fi(y1,---,Yn—1,Yno) € F for all i < N,
so d € F. Since F is truncation closed, this gives ¢ € F'. ([
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Corollary 8.2. Let R be an A-closed subring of k[[trz]] that is also truncation
closed, and let B C k[[tFZH be such that all proper truncations of all b € B lie in
R. Then the A-closure R(B) of RU B in k[[tFZH is truncation closed.

Proof. By [14, Corollary 2.6] the subring R[B] is truncation closed, so Lemma 8.1
applied to E := R[B] gives the desired result. O

A-embedding with truncation. In addition to (1)—(4) above we now assume:
(5) the ring Ap is noetherian;

(6) chark = 0;

(7) thereisnoy eI with 0 <y < 1.

By (5) and [26, Theorem 3.3]) the ring A = Ap[[t]] is noetherian. The assumptions

on A and K made in Section 7 are thus satisfied, with ¢ := t!. In Section 6 we

considered A-extensions of the “base” structure K, but below K plays the opposite

role of an ambient structure.

In the next lemma and corollary E' O k is a truncation closed valued subfield of
K whose valuation ring Rp is A-closed in k[[tF>]]. Thus k[t] C E, and F is an
E‘;‘—substructure of K. Note also that t* C E with A := v(E*) CT.

Let (a,) be a divergent pc-sequence in E with all a, € Rg. Since char(k) = 0,
E is algebraically maximal by [13, 4.22] and Lemma 4.3. Hence (a,) is of transcen-
dental type over E. Since K is spherically complete, a, ~» a for some a € k[[trz]];
we choose such a so that o(a) is minimal. With E, K in the role of K, L earlier
in this section we obtain the valued subfield E, 2 E(a) of K whose valuation ring
RE, = (RE)q is uniquely determined by Rg and a within Ic[[tF}]]7 as described in
Proposition 7.1(ii). Recall also that F, is an immediate extension of E.

Lemma 8.3. E, is truncation closed.

Proof. We first show that all proper truncations of a lie in £. We have a = ) _, ext™
where A ranges over all ordinals < o(a), all ¢y € k™ and (7,) is a strictly increasing
enumeration of suppa. Consider a proper truncation al, of a, with v € suppa.
Then v = v(a — aly) < v(a — a,) for some p, so al, is a truncation of such a,, and
therefore a|, € Rp, as claimed.

It follows that supp a has no largest element: if v = v, were the largest element,
then aly € E and a — a|, = ¢c,t7 € E,, so v € v(E)) = v(E*), hence ¢,t7 €
E, contradicting a ¢ E. This yields a divergent pc-sequence (al,)x in E with
pseudolimit a, and we now use it instead of (a,) to describe E, (which after all
does not depend on the particular approximating pc-sequence). We have

a = aly, +tPun, uy = Z c t7 T
HZA
All proper truncations of all uy lie clearly in Rg, so all Rg(uy) are truncation
closed by Corollary 8.2, hence so is Rg, = |J, Re(uy), and thus E, as well. O

Corollary 8.4. Let F' be an immediate A-extension of E. Then there exists an
E’;‘—embedding F — K over E with truncation closed tmage.

Proof. Let Rp be the valuation ring of F and f € Rp \ Rg. Take a divergent
pe-sequence (a,) in E with all a, € Rg such that a, ~ f. Then (a,) is of transcen-
dental type over E. Thus with E, F, f in the role of K, L, a earlier in this section
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we obtain the valued subfield £y O E(f) of F whose valuation ring Rg, is A-closed
in Rp. Using Zorn it suffices to show that then there is an Eé—embedding Ey — K
over F/ with truncation closed image.

Lemma 8.3 and the remarks preceding it provide a pseudolimit a € k[[tr>]}
of (a,) and a truncation closed valued subfield E, O E(a) of K whose valuation
ring Rg, is A-closed in k[[tr>]]. By Corollary 7.2 this gives a unique isomorphism
Rp, — R, of A-rings that is the identity on R sending f to a. It extends to an
E’;‘—embedding F — K over E with truncation closed image FE,. (]

9. QUANTIFIER-FREE 1-TYPES

Functions given by one-variable terms in the language L‘::g are piecewise given
by analytic functions on annuli. A precise statement of this is Proposition 9.10,
which is essential for all that follows. The requisite notions of “separated A-analytic
structure” and “annulus” come from [9, 7] from which we also borrow results.

We keep the assumptions from Section 6 on A, R, t, K, so R is a viable A-valuation
ring, t € 19(A), o(R) = tR. For now we fix an algebraically closed A-extension K?*
of K with A-valuation ring R*. Thus R, K, R*, K*® are Ei‘ p-structures as specified
earlier. Let K,y be the algebraic closure of K in K*®. With Corollary 6.5 we make
K. an A-extension of K by taking as its A-valuation ring the integral closure Raig
of R in K,,; note that Ralg = R*N Kyg.

Recall the language £ <’ p introduced in Section 6 and the sublanguage £« (for

valued fields) of llﬁ p; augmenting £ with names for the elements of K gives the

sublanguage £X < of EA K The L<-theory of algebraically closed valued fields with
nontrivial valuation has quantlﬁer elimination [13, Theorem 3.29], so

(%) K, is an elementary L£g-substructure of K®.

Separated A-analytic structures. A separated A-analytic structure on R is a
family (¢, ) of ring morphisms

b @ AXq, o X)) [[Yh, ..., Y]] = ring of R-valued functions on R™ x o(R)"
indexed by the pairs (m,n) € N x N, such that:
(S1) for (z1,...,Tm,Y1,---,Yn) € R™ X o(R)",

Lm,n(Xk)(xla"'axwuyla"'ayn):Ik for k:17"'ama

b (YD) (@1, o T Y1, o Un) = U for l=1,...,n
(S2) for f € ALX1, .o, Xo)[Ver oo Yall © AKXty s Xoms Xons ) [Yis ooy Vo]
and (-1:17' 5 Tms Tm4-15, Y15 - - ayn) € Rm+1 X O(R)n we have
Lm,n(f)(xlw"7xmay17"'7yn) :Lm+l,n<f)(xl7"'7mmaxm+l7y1a"'ayn)7

and similarly with the Y-variables;
(S3) form > 1, fe AXq,..., Xn)[Y1,...,Yal],

g = f(Xm+17'"7X2m>Y17~-~,Yn> S A<X17"'7X2m>[[ylv'"aY’rL]]v
and (21, .., Tom, Y1, - -->Yn) € R2™ x o(R)™ we have:

Lm,n(f)(xm+17 ey T2my Y1, - ayn) = LZm,n(g)(xlv ey Lomy Yty e 7yn)a

and similarly with the Y-variables.



34 BHARDWAJ AND VAN DEN DRIES

Remark. Since R is viable, a separated A-analytic structure on R gives a separated
analytic A-structure on K in the sense of [9, Definition 2.7]. Compared to [9], we
include an extra axiom (S3), parallel to (A3) from Section 4. We believe (S3) is
needed for a proof of [9, Proposition 2.8], just as (A3) in proving Lemma 4.1.

Annuli and the corresponding rings of analytic functions. The A-analytic
structure of R induces a separated A-analytic structure on R as follows. For
f(X,Y) € A(X)[[Y]] we have

f(X,Y) = f(X,tY) € A(X)Y),

and we associate to the series f the function f: R™ x o(R)™ — R given by

f(x,ty) = f(xay) (xeRm7y€Rn)'
It is straightforward to check that the axioms (S1), (S2), (S3) are satisfied. Hence
by the remark above, [9, 7] applies to our setting; see [7, 4.4(1)].

In the rest of this section we borrow terminology and results from [9, 7]. At
the start of [7, Section 5] the authors impose a condition that in our setting would
correspond to ker(ig) = {0}. Nevertheless, we can use their work by replacing
A with A/ker(i,) in view of Corollary 5.3 for I = ker(¢g). A more important
difference is that [7] takes K* := K, as the ambient structure, whereas for later
model-theoretic use we allow K? to be any algebraically closed A-extension of K.
Fortunately, the results we need from [7] about K, will readily transfer to our K?:
it helps that K* as a valued field is an elementary extension of K,j,. In the rest
of this section we fix an indeterminate Z, also to be used as a syntactic variable in
E::g-formulas.

Adopting [7, Definition 5.1.1], an R-annulus in K?, or just R-annulus if K?* is
clear from the context, is a set F' C K? given by monic polynomials py,...,p, in
R[Z], irreducible in K[Z], lg,...,l, € N1 and 7, ..., 7, € R\ {0}, as follows:

F = {ze K*: pg’(z)-sﬂ'o, plll(z)kﬂ'l ...,pl;(z)kﬂn}

where the “holes” {z € K?* : pi (2) < m}, 1 < i < n, are pairwise disjoint
and contained in {z € K? : pl(z) < m}. Such F is said to be given by
(po, ..., pl»; 7o, ..., ™). Thus R* is an R-annulus given by (Z;1) (with n = 0).
With respect to the valuation topology on K?, every R-annulus is a nonempty
open-and-closed subset of R*, and so infinite without any isolated point. Note also
that every R-annulus is defined in K® by a quantifier-free Eif -formula ¢(Z2).

Remark. In [7, Definition 5.1.1], with K® = K,j,, the above notion of R-annulus
is less general than that of K-annulus; there our R-annuli, for K* = K, would
be among closed K-annuli.

In what follows we deviate from the convention that Y = (Y7,...,Y},), and instead
use Y = (Yp,...,Y,) with an extra indeterminate Y. Let the R-annulus F be given
by (pé”, ...,y mo, ..., m,) as above, and consider the ideal

I(F) == (p(Z) — moYo, PP (2)Y1 — 1y 0l (Z2)Y0 — 7))
of K(Z,Y). Define ¢ : F — (R*)2t" by

lo( T T
Y(z) = (z, poﬂi ), e pi%(z))
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It is routine to verify that
U(F) = Z(I(F) = {(z,y) € (R)*™: g(z,y) =0 forall g € I(F)}.
Let R(F) be the K-algebra of K?-valued functions on F. Then
v K(Z)Y) = R(F), V*(9)(2) = g(v(z)) for g€ K(Z,Y), z € F,
is a K-algebra morphism. We set O(F) := ¢* (K(Z, Y>), a K-subalgebra of R(F).

We refer to O(F) as the ring of analytic functions on F. Clearly, I(F') C ker(¢*),
and if K* = K,g, then I(F) = ker(¢*) by [7, Corollary 5.6.6], so

K(Z,Y)/I(F) = O(F) as K-algebras.

(For K* = K, the K-algebras K(Z,Y)/I(F) and O(F) are denoted by (’)}((F)
and O% (F) in [7, Definition 5.1.4].)

Of course, I(F') depends on how F is given. However, O(F’) is independent of
the choice of the tuple (péo, . ,plLL i 7o, . - ., 7r,) that gives F, by [7, 5.3.3]. Strictly
speaking, we don’t need this rather subtle fact, since any R-annulus F' below is
assumed to come with a tuple that gives F', with O(F) defined accordingly.

Example. For the R-annulus F' = R? given by (Z; 1) we have O(F) = K(Z) where
g € K(Z) is identified with the function z — g¢(z) : R* — K*.

Univariate functions given by terms involving restricted division. For
our AKE-theory for valuation A-rings we need to understand what data about
z € K? determine the isomorphism type of the A-extension K, over K. Section 7
basically settles this issue for the case when K, is an immediate A-extension. For
the general case we exploit below results from [7]. Let F be an R-annulus given
by (P, ...,plr;mo, ..., m,) with corresponding map % : F — (R*)**". We can
represent any function f € O(F) by an L’::g—term 7(Z): Let f = v¢*(g) with
g € K(Z,Y). Takec € K*, z € R™, and G € A(X,Z,Y), X = (X1,...,Xn),
such that ¢ = ¢(Z,Y) = ¢- G(z,Z,Y), and thus g(z,y) = ¢ G(z, z,y) for all
(2,y) € (R*)?*". Then for all z € F,

flz) = g(z/;(z)) = c'G(x,z,D(pf)o(z),Tro),D(m,plll(z)),...,D(TrL,pln”(z))).

Lemma 9.1. For each polynomial p(Z) € K|[Z] the function z — p(z) : F — K*
belongs to O(F). If f € O(F) and f(2) # 0 for all z € F, then f is a unit in the
ring O(F). If r(Z) € K(Z) has no pole in F, then the function

zr(2) F— K
belongs to O(F).

Proof. The first claim follows from K[Z] C K(Z). For the second claim, suppose
f€O(F)and f(z) #0forall z € F. Take g € K(Z,Y) such that f = 1*(g). Then
¢ has no zero on ¢(F) = Z(I(F)). Hence 1 € gK(Z,Y)+1(F) by Theorem 6.16(iii).
Take h € K(Z,Y) with 1 € gh+I(F). Then f¢*(h) =1in O(F). The claim about
r(Z) € K(Z) follows from the first claim and the second claim. O

Next we transfer facts from (7], where K, is the ambient A-extension, to our K?.
For Eg p-definable P C K?, let Py C K,e be the corresponding definable subset of
Kag: any EgD—formula defining P in K defines P, in Kag (and PNKag = Pag).
To apply this to annuli, note that Fj, is the R-annulus in K, given by the
same tuple (pf{’, oy plrs oy ), with I(F) = I(F,g), and the corresponding
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map Yalg : Falg — Rifé" is the restriction of i to F,,. This also yields the K-
algebra O(Fj,)g) of analytic functions on Fjj, (in the sense of K, as the ambient
A-extension of K).

Lemma 9.2. For f € O(F), let fag : Faig = Kag be defined by fag(z) = f(2) for
z € Fug. This yields an isomorphism of K-algebras:

f = falg : O(F) — O(Falg)'

Proof. Let f € O(F) and take g € K(Z,Y) such that f = ¢*(g). Then for z € Fy,
we have falg(z) = f(2) = 9(¢(2)> = g(walg(z))a S0 falg = 1/J§1g(9) € O<Falg)- This
also shows surjectivity of f — faz : O(F) = O(Fa). With f = 9*(g) as above,
if fag =0, then dzzlg(g) =0,s0g€ ker(w;]g) = I(F) C ker(v), hence f =0. O

The proof of this lemma yields I(F) = ker(¢*) (without assuming K?* = K,,).

Lemma 9.3. Forg € K(Z,Y) and f = ¢*(g) € O(F) the following are equivalent:
(i) f(z) <1 forallz € F;
(i) f(2) <1 for all z € Fug;
(iii) for some d € N?! and hy,...,hq € R(Z,Y) we have

g+ gt hog? 2 -+ by € I(F).

Proof. The implications (i)=-(ii) and (iii)=-(i) are clear. As to (ii)=-(iii), this holds
if K* = K,y by Proposition 6.16(ii) and [7, Proposition 5.2.12(b)]. Hence it holds
for our K* by Lemma 9.2. d

By a wvery strong unit on F' we mean a function f € O(F) such that f(z) ~ 1 for
all z € F; cf. [7, Definition 5.1.4].

Lemma 9.4. Let f € O(F). Then there is a very strong unit u on F' and a rational
function r € K(Z) without pole in F such that f(z) = u(2)r(2) for all z € F. In
particular, if f # 0, then f has only finitely many zeros in F.

Proof. If K* = K, this is a consequence of the Mittag-Leffler Decomposition from
[7, Theorem 5.5.2]. By Lemma 9.2 this yields u € O(F) and r € K(Z) without
pole in F such that uag is a very strong unit on Fuz and f(z) = u(z)r(z) for all
z € Fyg, and thus for all z € F' by Lemma 9.1. It remains to show that u is a very
strong unit on F. Applying the above to u — 1 instead of f we have u* € O(F)
and r* € K(Z) without pole in F' such that uzlg is a very strong unit on Fjj, and
Ualg(2) — 1 = uj,(2)r*(2) for all 2 € Fag. Then 7*(z) < 1 for all 2 € Fyyg, hence
for all z € F. Lemma 9.2 gives u(z) — 1 = u*(2)r*(z) for all z € F, and Lemma 9.3
yields u*(z) < 1 for all z € F, hence u(z) ~ 1 for all z € F. O

The proof above also yields another useful fact:
Corollary 9.5. For u € O(F) we have the following equivalence:
u 18 a very strong unit on F' <= uayg 15 a very strong unit on Fyg.

Lemma 9.6. Let fi1,...,fm € O(F) be such that f1(2),..., fm(z) < 1 for all
z € F. Then for G € R(X), X = (X1,...,Xm), the function

zHG(fl(z),...,fm(z)) : F— R*
belongs to O(F).
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Proof. Fori=1,...,m, take g; € K(Z,Y) such that fi(z) = g;(¢(2)) forall z € F.
Lemma 9.3 gives for ¢ = 1,...,m a polynomial P, = P;(Z,Y, X;) € R(Z,Y)[X}]
over R(Z,Y'), monic and of degree d; > 1 in X;, such that P, (Z, Y, g:(Z, Y)) e I(F),
and thus P;(z,y, g;(2,y)) = 0 for all (z,y) € ¢(F). Since elements of R(Z,Y, X)
are specializations of restricted power series over A, Lemma 3.5 gives in R(Z,Y, X)
an equality

G(X) = > qPi+r, withq,....qm € R(ZY,X), r € R(ZY)[X].
i=1
Let z € F; so ¥(2) = (2,9) € ¥(F), y € (R*)1T". Substituting in the equality
above (z,y) for (Z,Y) and f;(2) for X; and using Pi(z,y,gi(z,y)) = (0 we obtain

G(fl(z)v RS fm(Z>) = T(Z7y7 fl(z)7 R fm(Z))
Now r = Zj r;(Z,Y)X7 with j = (j1, ..., jm) ranging over a finite subset of N™ and

all r; € R(Z,Y). So r(z,y, f1(2),..., [m(2)) = > () (2) fr(z)7 - fon(2)Tm,
which exhibits this function of z € F' as being in O(F). O

Lemma 9.7. For any rational function r(Z) € K(Z) the set {z € R*: r(z) < 1}
is a finite union of R-annuli. (Here r(z) < 1 includes z not being a pole of r.)

Proof. If K* = K., this can be shown along the lines of the proof of [9, Lemma
3.16]. It then holds for our K® by (*). O

Lemma 9.8. If I is an R-annulus and F'NF # 0, then F' N F is an R-annulus.

Proof. If K* = K,g, this holds by [7, Lemma 5.1.2 (iv)]. It then holds for our K?
by (%). (]

Lemma 9.9. Let Fy be an R-annulus, Fy C F, and f € O(F). Then f|r, € O(F}).

Proof. Let Fy be given by (q3°,...,9¢%"; po, - - -, pm) With corresponding map

. F R2)%tm = W) _m LN
G B (R ) = (B e )

This also yields the corresponding ideal I(Fy) of K(Z,V) where we use a tuple
V = (Vo,...,Vy) of new indeterminates Vp,...,V,,. Accordingly, ¢, yields the
surjective K-algebra morphism ¢ : K(Z,V) — O(Fy) with kernel I(F;). We
now define I to be the ideal of K(Z,V,Y) generated by I(F;) C K(Z,V) and
I(F) C K(Z,Y). This yields the K-algebra morphism

L K(Z VYR = K(ZV,Y)I, g+I(F)—g+1 (g€ K(ZV)).

The proof of [CL, Proposition 5.3.2] shows that ¢ is an isomorphism. For s in
K<Z7 ‘/7Y> we define s™ : F‘1 — (Ra)3+m+n by

ey %°(z) p pm PR(z) ™ Tn
s*(z) = s(z S Ter T Te T e T ,
po gt (2) g (2) mo T pl(2) i (2)

so s*(z) is s evaluated at a combination of 1;(z) and (z). Using I(Fy) C ker ¢}
and I(F) C ker¢* we see that for s € I we have s*(z) =0 for all z € F.

Take g € K(Z,Y) with f = ¢*(g). Surjectivity of ¢ gives h € K(Z,V) with
g—h € 1. Tt follows that for z € Fy we have (g — h)*(z) = ¢g*(z) — h*(z) = 0.
For 2 € Fy we have g*(2) = 1 (g)(2) and h*(2) = 7 ()(2), 50 £(2) = ¥*(9)(2) =
Gi(h)(2). Thus f|r, = Gi(h) € O(FL). O
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The next result for K := K, is close to [7, Theorem 5.5.3]; see also [8, A.1.10].
We give a complete proof because we require R-annuli where [loc. cit.] allows more
general annuli, and because the details are used to obtain Corollary 9.12.

Proposition 9.10. Let 7(Z) be an Egig-term. Then there are quantifier-free E?-
formulas $1(Z),...,¢n(Z), R-annuli Fy, ..., F,, and f1 € O(F}),..., fn € O(F,),
such that:

(i) R* = ¢1(R*)U---Uon(R);
(i) ¢;(R*) C Fj and 7(2) = fj(2) for all z € ¢;(R?), for j=1,...,n.

Proof. By induction on the complexity of 7 = 7(Z). For 7 the name of an element
of K or just the variable Z one can take n = 1, and make the obvious choices of
¢1, F1, f1. Next, given ¢1,...,¢n, F1,...,Fn, f1,..., fn as in the proposition, we
only need to replace each f; by —f; to make it work for —7 instead of 7.

Suppose 7 = 71 +72. The inductive assumption gives quantifier-free /35 -formulas
¢11(Z)7 L] ¢1n1 (Z) and ¢21(Z)’ ce 7¢2n2(Z)7 R-annuli

Flla .. -7F1n1;F217~ .. 7F2’ﬂ2’

and f;; € O(F;;) for i = 1,2 and j = 1,...,n, such that

o B = 611 (B2 U+ -+ U b1, (RY) = 621(R®) U+ U ooy (R2);

e ¢;;(R*) C F;j and 7;(2) = fi;(2) for all z € ¢;;(R?).
Let 1 < 71 <niand1 < jo < ngandset ¢j, 5, := @15, Apaj, and Fj, 5, := Fij,NFy;,.
Then ¢;,;,(R*) C Fj,j, and 7(z) = fi,,(2) + fo;,(2) for z € ¢;,,,(R*). Thus
listing the nonempty Fj, ;, as Fi,..., F,, the corresponding f1j, |r; ;, + f2j.|F;,;, as
fi,..., fn, and the corresponding ¢;,;, as ¢1,..., ¢, yields (i) and (ii). (This uses
Lemmas 9.8 and 9.9.) The case 7 = 71 - 72 is handled in the same way.

Next, suppose 7 = D(71,72), and let the ¢;;, F;;, fi; be as before and also define
bj,j, and Fj, j, as before. Consider one such pair j = (ji,j2) with F},,;, # 0 and
set qu = ¢j1j2 and Fj = Fjle. If fljl =0 or f2j2 = O, then D(Tl,Tg)(Z) =0
for all z € Fj, a trivial case. Assume f1;, # 0 and fs;, # 0. Then Lemma 9.4
yields very strong units u;, up on F; and rational functions ry,ry € K(Z)* without
pole in Fj such that fi;,(2) = ui(2)ri(2) and fa),(2) = ua2(2)ra(z) for all z € Fj.
Set r = ri/ry € K(Z)*. If z € F; and ra(z) # 0, this gives fa;,(2) # 0 and
f1j,(2)/ f2j, < r(2). Hence by Lemma 9.7 we have N € N such that

{2 € Fj: fi;,(2) X fou(2) 0} = (FPP U UFY)\ E,

with R-annuli F71, ... F»N C F;, and finite E = {z € F; : ra(2) = 0}. Let
1 < v < N. Then r has no pole in F/": if z € F/¥ were a pole, then there
would be 2/ € F/¥ \ E arbitrarily close to z with r(z’) = 1, a contradiction.
Thus by setting f77(2) := Z;Ezgr(z) for 2 € F7¥ we obtain f7¥ € O(F’") with
D(f1j,(2), faj,(2)) = f7¥(z) for all z € F7*\ E. Take a quantifier-free L -formula
7" (Z) such that ¢¥(R*) = F7* \ E. Then for z € (¢; A ¢"')(R*) we have
7(z) = f77(2). Lemma 9.4 also gives a quantifier-free £X-formula 0;(Z) such that
for all z € R?,

R* = 0;(2) <= 2z € Fjand (fi;,(2) = f2,(2) or fa,(2) = 0).
Thus 6;(R*) C F}, and for z € (¢; A 6;)(R*) we have 7(z) = 0.
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Finally, suppose 7 = G(71, . .., Tm), where G € A(X). The inductive assumption
gives for i = 1,...,m quantifier-free ﬁg—formulas 0i1(Z2), ..., 0in,(Z), R-annuli
Fi,..., Fipn,, and functions f;; € O(F;1), ..., fin, € O(Fin,), such that

o R*=¢i(R*)U---Uin, (R?);
o ¢;;(R*) C F;; and 7;(2) = fij(2), for all z € ¢;;(R*) and j =1,...,n,.

Let 5= (§1,..-,Jm) with 1 < j1 < n1,..., 1 < G < 0y, and set
¢j = (bljl/\"'/\(bmjma Fj = Fljlﬂ---ﬂijm.
Using Lemmas 9.4, 9.7, and 9.8 we get N € N such that
{(z€Fj: fi,(2) 1,0y fng (2) 1} = FPLu.. .y N
where F7' ... F7N are R-annuli. Let 1 < v < N. Take a quantifier-free ﬁg—
formula ¢/¥(Z) such that ¢ (R*) = F7”. Fori = 1,...,m, set 7= fiilpiv, a
function in O(F7") with |f)"(2)| < 1 for all z € F7, so by Lemma 9.6,
o= G, ) € O(F).

Then 7(z) = f7(z) for all z € (¢; A ¢?¥)(R*). It remains to note that 7(z) = 0
for all z € (¢; A =Pt A =gP2 Ao A =P V) (R?). O
Corollary 9.11. Let z € K*. Then K, is an immediate extension of K(z):

resK, = resK(z) C resK?, v(KX) = v(K(2)*) € v((K**).

z

As a consequence, I' = v(K*) and v(K}) have the same cardinality, and if res K
is infinite, then res K and res K, have the same cardinality.

Proof. Replacing z by 27! if z = 1, we arrange z € R*. Consider a nonzero element
7(2) of K., where 7(Z) is an E;‘:g—term. Let ¢1,...,0n, F1, .., Fn, f1,..., fn be
as in Proposition 9.10. Take j € {1,...,n} with z € ¢;(R*). Then Lemma 9.4
applied to Fj, f; in the role of F, f yields r(Z) € K(Z) without pole in F' such that
7(2) ~ r(2). Thus K, is an immediate extension of K(z). The rest now follows
from [13, Corollary 5.19]. O

Uniformity with respect to K?. So far we we kept K? fixed, but in the rest of
this section K® ranges over arbitrary algebraically closed A-extensions of K. Let
7(Z) be an E::g—term. To enable model-theoretic arguments we need to show that

O1yeees Oy By S F 1, I

in Proposition 9.10 is “independent” of K?. To make sense of this we consider
tuples (¢j,<I>j);l:1 of quantifier-free Eg—formulas ¢;j(Z) and ®;(Z), j =1,...,n.
Call such a tuple (gbj, (I)j);'L:l good for T in K?® if the following hold:

(1) Fj:= ®;(K®) is an R-annulus in K® for j =1,...,n;

(2) z— 7(2): F; - K* is a function f; € O(F;) for j =1,...,m;

3) d1,-v s, F1y ooy Foy f1, .-, [ satisfy (i) and (ii) in Proposition 9.10.

Of course, O(F}) in (2) is meant in the sense of K®.

Corollary 9.12. Some tuple (qﬁj,@j)?:l s good for T in all K?.
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Proof. All K® that are algebraic over K are isomorphic as A-extensions of K, so
any tuple that is good for one is good for all. Now, let any K? be given, and let
K1 be the algebraic closure of K in K?, with K, as Ei’g—substructure of K&.
Following the steps and recursive constructions in the prdof of Proposition 9.10
yields a tuple that is good for 7 in Ky, as well as in K?: to see this, use (x),
Lemmas 9.2, 9.3, and Corollary 9.5 to pass from K, to K®. O

The quantifier-free type of an element over K. For a valued field £ and an
element z in a valued field extension L of E, the quantifier-free L4-type of z over
E is the set qftp(z|E) of all quantifier-free £LE-formulas 6(Z) such that L = 6(z).

Likewise, for an element z in an A-extension L of K, the quantifier-free Li’ p-type
of z over K is the set qftpi p(z]K) of all quantifier-free ﬁ‘::g—formulas 6(Z) such
that L | 6(z).

Proposition 9.13. Let K and Ko be A-extensions of K, and suppose z1 € K,
and zo € Ky are such that qftpg(21|K) = qftp(22|K). Then

aftp? p (1K) = aftpZ p(22|K).

Proof. Our assumption gives an Lg-isomorphism 4 : K(z1) — K(z2) over K that
sends z; to zo. If z1 is algebraic over K, then so is z9 and K (z1) and K (z2) underly
the EQ’D—substructures K., and K,, of Ky and Kj, respectively, by Corollary 6.6,
so ¢ is an Ei p-isomorphism over K by Corollary 4.9. Hence z; and z; have the
same quantifier-free L’g p-type over K.

For the rest of the proof, assume that z; and z, are both transcendental over K.
Replacing z1, 2o by their reciprocals if necessary, we arrange z1, 2o < 1. We claim

AK

that for every £ p-term 7(2),

T(Zl) =0 <= T(ZQ) =0.

For ¢,d in any A-extension of K, ¢ < d if and only if ¢ = 0 or D(c,d) # 0. Hence,
in light of Corollary 6.3, our claim yields an £‘;‘7D—isomorphism K, — K., over K

given by 7(z1) — 7(22), where 7(Z) ranges over Eﬁ’g—terms. Thus a proof of the
claim will complete the proof of the proposition. 7

By passing to algebraic closures we arrange that K; and Ky are algebraically
closed, with respective A-valuation rings R; and Ry. Let 7(Z) be an Ei:g—term
such that 7(z1) = 0. Take a tuple

((ij (bj);zl

as in Corollary 9.12. This gives j € {1,...,n} with z; € ¢;(R1) and 23 € ¢;(R2).
Set Fjl = (I)](Kl) Q Rl, and let fjl S O(Fjl) be given by fjl(z) = Tl(Z), and
define Fjo C Ry and fj2 € O(Fj2) in the same way.

Then 7(z1) = fj1(21) =0, so fj1 = 0 by Corollary 9.4 and z; being transcenden-
tal over K. By descending to the algebraic closures of K in K; and K5 and using
that these algebraic closures are isomorphic A-extensions of K we obtain fjo = 0
by Lemma 9.2. Hence 7(22) = fj2(22) = 0. This proves the forward direction of
our claim. The backward direction follows in the same way. ([l
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10. ANALYTIC AKE-TYPE EQUIVALENCE AND INDUCED STRUCTURE

We begin with some terminology and conventions. A valued field will be construed
as an Lg-structure in the usual way.

Let K be a valued field. We denote its valuation ring by R (by Rp if we are
dealing with a valued field F' instead). Let o(R) be the maximal ideal of R and
k := R/o(R) the residue field of K. We also let v : K* — T' with I' = v(K*) be a
valuation on the field K such that R = {z € K : v(2) > 0} (and if we are dealing
instead with a valued field F', we have likewise the residue field kr and a valuation
VF - > — FF).

A coefficient field of K is a lift of k, that is, a subfield C' of K such that C C R
and C' maps bijectively onto k under the residue map R — k, equivalently, a
subfield C of K such that R = C' 4+ o(R). Likewise, a monomial group of K is a lift
of T, that is, a subgroup G of K* that is mapped bijectively onto I by v : K* — I
If K is henselian (by which we mean that the local ring R is henselian) and k has
characteristic 0, then K has a coefficient field; see for example [13, Lemma 2.9]. If
K is algebraically closed or Nj-saturated, then K has a monomial group; see for
example [1, Lemmas 3.3.32, 3.3.39].

Throughout A is as in Section 6: A is noetherian with an ideal 0(A) # A, such that
N o(A)¢ = {0} and A is o(A)-adically complete.

By an Acg-field we mean an expansion F = (F,C,G) of an A-field F' where C
is (the underlying set of) a coefficient field of F' and G is (the underlying set of)

a monomial group G of F. Let EQ% be the language ﬁi) p augmented by unary

predicate symbols C' and G. We construe an Acg-field as an L;‘ngj—structure in the
obvious way. 7

FEzample to keep in mind: F = (F7 C, tZ), where C' is any field, F' is the Laurent
series field C'((¢t)) with valuation ring C[[t]], and A = C[[t]], o(A) = tC[[t]], with the
natural A-analytic structure on C[[¢]]. To simplify notation we denote this Acg-field
F by (C(1t),C,t7).

In the rest of this section K = (K, Cx,Gi) is an Acg-field such that the valuation
A-ring R of K is viable; k is the residue field of K and T' := v(K ™) its value group.

Good substructures and good maps. Our aim is to establish an analogue of
the Equivalence Theorem [13, 5.21] in our analytic setting with coefficient field and
monomial group, and we follow the general setup and proof strategy there.

A good substructure of K is an Ei?%—substructure € = (E,Cg,Gg) of K which is
also an Acg-field. Note that then E is an EiD—substructure of K, and

Ce = CckNE, Geg = GenNE.

Below, £ = (E,C¢,Ge¢) is a good substructure of . By Lemma 6.4 the valuation
A-ring R is viable. For a € K, set &, := (Ea, CcNE,, GeN Ea) CcK.

Lemma 10.1. We consider four cases for an element a € Cxx U Gi:

(i) a € Ck is algebraic over E. Then a is algebraic over Cg, Ela] is the
underlying field of E,, Cx N E, = Cgla], and Gx N E, = Gg;
(ii) a € Ck is transcendental over E. Then Cx N E, = Ce(a), Gk N E, = Gg;
(iii) a € Gk is algebraic over E. Then a® € Gg¢ for some d > 1, Ela] is the
underlying field of E,, Cx N E, = Cg, and Gx N E, = Gg¢ - a?;
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(iv) a € Gx is transcendental over E. Then Cx NE, = Ce, Gk NE, = Gg -a”.

In each of these four cases, £, is a good substructure of .

Proof. If a € Cx U G is algebraic over E, this follows from Corollary 6.6. In the
transcendental case, use Corollary 9.11. O

In this subsection, K = (K’, Ci/, Gx/) is an Acg-field like K: its valuation A-ring
R’ is viable. We also let £ = (E',Ce/, Gg/) be a good substructure of K’ and for
be K' weset & = (E;’),C;C/ NE;, G N E{))

Let £, :={0,1,4, —, -} be the language of rings and L, := {1, -, 5} the language of
(multiplicative) ordered abelian groups, taken as sublanguages of C‘;‘, p; we construe
Ci,Ckr as Ly-structures and Gy, G as Ly-structures accordingly.

A good map f:E — £ is an ﬁi?%—isomorphism E — &’ such that:

(r) the L;-isomorphism f|c, : Ce — Cg/ is a partial elementary map from the
field Ci to the field Ci;

(v) the Ly-isomorphism f|g, : Ge¢ — Gg is a partial elementary map from the
ordered group G to the ordered group Gi-.

Theorem 10.2. Suppose chark = 0. Let f : € — &' be a good map. Then f is a
partial elementary map from K to K'.

We need char k = 0 only towards the end of the proof below to guarantee that a
certain pc-sequence (a,) introduced there is of transcendental type.

Proof. By passing to suitable elementary extensions we arrange that the underlying
valued fields of K and K’ are k-saturated, where & is an uncountable cardinal greater
than the cardinalities of C¢ and G¢. A good substructure

gl = (ElaC:SluGEl)

of IC is termed small if k is greater than the cardinalities of C¢, and Gg,. We shall
prove that for any a € KC we can extend f to a good map with small domain F O &
such that a € F. By the properties of “back-and-forth” this suffices. In addition
to Corollary 7.2, we will need the extension procedures in (1)—(4) below.

In (1) and (2) we assume a € Cx and extend £ and £’ to small good substructures
F of K and F’ of K’ and our good map f to a good map g : F — F’ such that
a € Cr and Gg¢ = Gr. In (3) and (4) we assume that a € Gk, and extend € and
&’ to small good substructures F of K and F’ of K’ and our good map f to a good
map ¢ : F — F’ such that a € G and Ce = Cx.

(1) The case that a € Cx is algebraic over E. Then k-saturation of K’ gives b € Ci/
and an £,-isomorphism g, : Cgla] — Cg/[b] extending f|c, and sending a to b such
that g, is a partial elementary map from Cix to Ci:.

Now [13, Lemma 3.21] gives an Lg-isomorphism ¢ : E[a] — E’[b] extending
both f and g,. Then g is an EQ’D—isomorphism E, — E} by Corollary 6.6 and
Proposition 9.13. By Lemma 10.1 (i), &, and & are good substructures of I and
K’ respectively, and ¢ is a good map.

(2) The case that a € Cx is transcendental over E. As in (1) we have b € Cxr and
an L,-isomorphism ¢, : Ceg(a) — Cg/(b) extending f|c, and sending a to b such
that g, is a partial elementary map from Cix to Ci:.
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Then [13, Lemma 3.22] gives an Lg-isomorphism E(a) — E’(b) extending both
f and gr. This Lg-isomorphism extends to an E_i p-isomorphism ¢ : E, — E} by
Proposition 9.13. Lemma 10.1(ii) gives that &, and & are good substructures of K
and K’ respectively, and that g is a good map.

(3) The case that a € Gk \ Ge and aP € Gg, where p is a prime number. As before
we get b € G and an L-isomorphism ¢, : G¢ - a? — Gg/ - b extending fla. and
sending a to b such that g, is a partial elementary map from Gx to Gyx. Now [13,
Lemma 5.6] gives an Lg-isomorphism ¢ : F(a) — E’(b) extending both f and gy.
Then ¢ is an EQD—isomorphism E, — Ej by Corollary 6.6 and Proposition 9.13.
By Lemma 10.1(iii), &, and & are good substructures of K and K’ respectively,
and ¢ is a good map.

(4) The case that a € Gx and a® ¢ Gg for all d > 1. As before we get b € G and
an Ly -isomorphism
gv:Gg-aZ—>Gg/-bZ

extending f|g, and sending a to b such that g, is a partial elementary map from
G to Gy Note that a is transcendental over E by [13, Proposition 3.19]; likewise,
b is transcendental over E’.

Now [13, Lemma 3.23] gives an Lg-isomorphism F(a) — E’(b) extending both
f and gy. This Lg-isomorphism extends to an Eé, p-isomorphism ¢ : E, — E} by
Proposition 9.13. By Lemma 10.1(iv), &, and &/ are good substructures of K and
K’ respectively, and g is a good map.

Let now any a € K be given. Let C; be the subfield of Cx such that res Cy = res E,,
and let G be the subgroup of G such that v(G1) = v(E)). We do not guarantee
that C; C E, or Gy C EY, but C¢ and Cy have the same cardinality, and so do
Gg and Gy, by Corollary 9.11. Thus by iterating (1)—(4), we extend &£ and &’ to
small good substructures & = (E1,C1,G) of K and & = (B, C],G}) of K, and
extend f to a good map fi : &1 — &]. Next, let Cs be the subfield of Cic such that
resCy = res By 4, and let Gy be the subgroup of Gi such that v(Gs) = v(Efa),
and obtain likewise & = (E», Oy, Go) with & C & C K, and an extension of f; to
a good map fo : & — &, with & C & C K'. Continuing this way we obtain for
each n small good substructures

En = (EnaCmGn) c €n+1 = (En+1vcn+1aGn+1)

of K such that res C,, 11 = res E, o and v(Gry1) = v(E),), and small good sub-
structures &£, C &/, of K, and good maps

fn t &n %57/17 fn+1 : 5n+1 ngll-i-l
such that f,11 extends f,; here & := &, &) := & and fy := f. Then

Eso = |JEn = (Bw,Cn,CGux)
n
is a small good substructure of K, and & = {J,, &), = (EL,,CL,,GL) is a small
good substructure of K', and we have a good map fo : £oo — &L extending each
fn. Using Ex o = ,, En,a We see that E 4 is an immediate extension of F.

If a € F we have achieved our goal of extending f to a good map with small
domain containing a, so assume a ¢ E.,. Replacing a by a~! if necessary we arrange
a < 1. Take a divergent pc-sequence (a,) in Eo such that all a, < 1 and a, ~» a.
Then (b,) := (foo(ap)) is a divergent pc-sequence in E’_. Since the underlying
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valued field of K’ is k-saturated and the cardinality of the value group of E/_ is less
than k we have b € K’ such that b, ~ b. Note that (a,) is of transcendental type
over E, by [13, 4.22, 4.16]. Hence (b,) is of transcendental type over E’_, and so
B, is an immediate extension of EZ, by Proposition 7.1. This yields the (small)

good substructures s := (Eoo,as Coo, Goo) of K and &L, := (EL_,,CL,,GL,) of

K'. Moreover, fo extends by Corollary 7.2 to a good map €, — &, and we
have achieved our goal. ([l

Corollary 10.3. Suppose chark = 0, Cs¢ < C as L.-structures, and Gg < G as
L -structures. Then &€ X K.

Proof. Note that £ is a good substructure of both K and K’ := £, and the identity
on £ is a good map. Now apply Theorem 10.2. O

Induced structure on coefficient field and monomial group. In this sub-
section we assume for our Acg-field K = (K, Cx,Gk) that chark = 0. Our aim
here is Corollary 10.5 on the structure that K induces on Cx and Gx combined.
It will be derived in a familiar way from Theorem 10.2 and a fact implicit in its
proof. To state that fact we let £ = (E,Cg, G¢) and F = (F,Cx,Gx) be Acg-fields
and Ei’cg—extensions of K. For a € E™, let tp(a|K) be the Ci%—type of a over K,

that is, the set of £‘2flg)’K—f0rmulas o(Y1,...,Y,) such that £ = ¢(a). Likewise, for
c € CZ, let tp(c|Cx) be the L,-type of ¢ over Cx, and for g € G%, let tp(g|Gk) be
the L,-type of g over G.

Lemma 10.4. Suppose £ and F are elementary extensions of K. Let ce € CF,
ge € G't and cr € CF', gr € Gt be such that

tp(ce|Cx) = tp(cr|Ck),  tp(ge|lGk) = tp(97|Gk).
Then for the points (ce,ge) € E™™ and (cx,gr) € F™™ we have

tp ((ce, 9e)|K) = tp ((cx,97)|K).

Proof. By our assumptions K is a good substructure of both £ and F, and the iden-
tity on K is a good map. Using tp(cg|C) = tp(cx|C) and the extension procedures
(1) and (2) in the proof of Theorem 10.2 in conjunction with Lemma 10.1(i),(ii) we
obtain a good map whose domain contains the elements of K and the components
of cg and that is the identity on K and sends ce to cr, such that the monomial
group of its domain is still G¢. Next we use likewise the extension procedures from
(3) and (4) in that proof to extend this good map further so that its domain now
contains the components of ge¢ as well, and sends sends gg to gr. It remains to use
Theorem 10.2. ([l

Corollary 10.5. Each subset of C{' x Gy C K™™ which is definable in K is a
finite union of “rectangles” P x @ with P C C{* definable in the L.-structure Cx
and Q) C G¢ definable in the L -structure G .

Proof. Apply Lemma 10.4 in conjunction with [13, Lemmas 5.13, 5.14]. O

Corollary 10.6. If P C K" is definable in K, then P N CY is definable in the
Ly-structure Cic, and PN G} is definable in the L. -structure G.

In particular, the sets Cx, G C K are stably embedded and orthogonal in K. Next
an application of Corollary 10.6.
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Recovering the Binyamini-Cluckers-Novikov result. We construe C((t)) be-
low as an A-field in the usual way, with A = C[[t]], 0(A) = tA. Proposition 2 in [6]
concerns the 3-sorted structure M consisting of the following:

the A-field C((¢)), the field C, the ordered abelian group Z,

(each a 1l-sorted structure) and two functions relating the three sorts: the obvious
t-adic valuation v : C((¢))* — Z, and the “reduced angular component map” ac :
C((t)) — C that assigns to each nonzero Laurent series f = Y, o, cxt* (all ¢ € C)
its leading coefficient ¢, s, with @c(0) := 0 by convention.

This 3-sorted M should not be confused with the 1-sorted (C((t)),C,t%) that is
among the Acg-fields K considered in Section 10. We have a natural interpretation
of M in (C((t)),C,¢*), which shows that if a set P C C((t))" is definable in M,
then it is definable in (C((t)),C,t%). The converse fails: the subsets C and ¢* of
C((t)) are definable in the latter, but not in the former by [12, Theorem 3.9]; thus
(C((®),C,t*) is “richer” than M.

For d > 1 we let C[t]«4 be the set of polynomials in C[t] of degree < d. Then
C[t]<aq is a subset of C[[t]], and thus of C((¢). We identify C[t]<4 with C¢ via
the bijection cg + it + -+ 4+ cq 1% +— (co,...,cq_1) for co,...,cq-1 € C. For
P C C((t)™ we set P(d) := PN (C[t]<q)™, which under the identification above
becomes a subset of C?". Now Proposition 2 in [6] says:

if P C C((t)" is definable in M, then for each d > 1 the set P(d) C C™ is a
constructible subset of the space C™ with its Zariski topology.

By “Chevalley-Tarski” a subset of C™ is constructible iff it is definable in the field
C, so this proposition is for K = (C((t)), C,t*) a special case of Corollary 10.6.

NIP. The model-theoretic condition NIP forbids certain combinatorial configura-
tions; there is a lot of information about it in [28]. Below a structure M is said
to have NIP if its theory Th(M) has NIP. By Delon [10] and Gurevich & Schmitt
[21], a henselian valued field of equicharacteristic 0 has NIP iff its residue field (as
a ring) has NIP. Jahnke & Simon [22] extend this to a criterion that also applies
to expansions of such valued fields. We apply their criterion now to our analytic
setting:

Corollary 10.7. Assume chark = 0. Then:
the E::f,gj—structure K has NIP <= the ring k has NIP.

Proof. The direction = is obvious, and for <, assume that k has NIP as a ring.
We refer to [22, Section 2] for definitions and notations used in this proof. Using
[22, Theorem 2.3], it suffices to show that Th(K) satisfies the conditions (SE) and
(Im). Condition (SE) requires that the residue field and the value group be stably
embedded in K. This condition is satisfied in our setting by Corollary 10.6.

In order that Th(K) satisfies condition (Im) it suffices to show the following:
Let £ = (F,...) be an elementary extension of K and a € E such that K(a) is an
immediate valued field extension of K; then the ﬁ;‘?jgj—type of a over K (in &) is
implied by instances of NIP formulas in this type. By the Delon-Gurevich-Schmitt
result the valued field reduct of £ has NIP. So let F = (F,...) also be an elementary
extension of K and let b € F' have the same L4-type over K as a; it is enough to
show that then a and b also have the same ﬁ’;‘?gD—type over K. Now K is a good
substructure of both £ and F and the identity on K is a good map. By Corollary 7.2
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this gives a good map K, — K; that is the identity on K and sends a to b. Now
apply Theorem 10.2. (]

Elementary Equivalence. The AKE-results are often summarized suggestively
as follows: For any henselian valued fields £ and F' of equicharacteristic 0,

E=F <= resE =resF as fields, and I'g = I'p as ordered groups.

For special A we now derive a similar result in our analytic setting. Let A = C[[t]]
where C'is a field and take 0(A) = tA. Recall that we construe A itself as an A-ring.
In the beginning of this section we introduced the Acg-field (C (), C, tZ). We try
to embed it into our Acg-field K = (K, Cx, Gx) (with viable valuation A-ring R).
Lemma 4.2 yields the A-ring morphism ¢ : A — R, which is injective: for a € A%
we have a = ct®(1 +b) with c € C*, e € N, and b € 0(A), and so its image in R
is nonzero, since viability of R gives to(t) # 0. Thus i extends to an embedding
C((t)) = K of A-fields which we denote by tx to indicate its dependence on K. It
is routine to verify the following:

Lemma 10.8. The map vx : C((t) — K is an embedding (C((t)),C,t*) — K of
Acg-fields if and only if tx(C) C Cx and 1k (t) € Gi.

The conditions tx(C') C Cx and k() € Gx are satisfied for K = (C((t)), C,t%).
These conditions are of a first-order nature, since for any a € A the constant symbol
a of £ names the element txc(a) € K. If these conditions are satisfied, let Ci
be the expansion (C’;C, (LK(C))Cec) of the field C, and let G, be the expansion
(G’;C, LK (t)) of the ordered group G.

Corollary 10.9. Assume char C = 0. Suppose tx(C) C Cx and vk (t) € G, and
likewise for K'. Then we have the following equivalence:

K=K < C}C’* = C;Cr,* and G;C,* = G;C/’*.

Proof. The direction = is clear. For <, assume the right hand side. Then by
Lemma 10.8 we have Acg-field embeddings

i (C(),CtF) K, w2 (C(1),C %) — K

Identifying (C(()),C,t*) with its image in K and K’ via these embeddings yields
good substructures of K and K’, with the identity on (C((t)), C,t*) as a good map.
Now use Theorem 10.2. O

11. SEPARATING VARIABLES

For Acg-fields of equicharacteristic 0 with viable valuation A-ring we establish here
a uniform reduction of any formula to a boolean combination of formulas whose
quantifiers range only over C' and formulas whose quantifiers range only over G.
Towards this goal we extend the language by symbols for an absolute value map
and for a coefficient map. We begin by introducing these maps. Throughout k£ and
[ range over N (as do d, m, n).

Let K be just a valued field and G a monomial group of K. Then we define the
map |- |g: K — K as follows:

|0l = 0, lal¢ = g ifaxgeqG.
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This map is 0-definable in the expansion (K, Q) of the valued field K, takes values
in GU {0}, and is the identity on G U {0}. Moreover, a — lalg : K* — G is a
group morphism, and for all a,b € K: |a|¢ <X |b|lg & a < b.

Let in addition C be a coefficient field of K. Then we introduce the coefficient
map co = coc,g : K — K as follows:

co(0) := 0, co(a) := ¢ ifa#0and a/lalg ~ce C*.

This map is O-definable in the expansion (K,C,G) of the valued field K, takes
values in C, is the identity on C, and co(ab) = co(a)co(b) for all a,b € K.

In the rest of this section A is noetherian with an ideal o(A) # A such that
M. o(A)¢ = {0} and A is o(A)-adically complete. We extend the language LQ’D to

,C’_:’)JIS by adding unary function symbols co and | - |, and likewise we extend E’;‘,ngj

to l:ACg7+

<D
Below K = (K, C, G) ranges over Acg-fields whose valuation A-ring is viable. We
expand K to an LngD’+—structure Kt by interpreting | - | as the function | - | and
co as the corresponding coefficient map coc,. Note that the good substructures
of K are exactly the L’;‘C%—reducts of L‘;‘C%+—substructures of KT whose underlying

ring is a field. Now
{7 : 7 is a variable-free E’:z;—term}
underlies an Eg‘, p-substructure of K, so by Lemma 6.1,
Ry := {7F: 7 is a variable-free Ei:}g-term and 7% < 1}
is an A-subring of R and a valuation ring dominated by R. Hence

Ky = Frac(Ry)

underlies the smallest EQCgD’+—substructure of K+ whose underlying ring is a field.

Thus Ky := (Ko, C N Ky, lels Ky) is a good substructure of K.

More generally, let a = (ay,...,a;) € K*, and take a tuple u = (uy,...,uz) of
distinct variables uy,...,u;. Then {7%(a) : 7(u) is an Ei’,;-term} underlies an
EQ’D—substructure of K, so by Lemma 6.1,

Roje = {m(a): 7(u) is an Ei:‘g—term and 7°(a) < 1}
is an A-subring of R and a valuation ring dominated by R. Hence

Koo = Frac(Ry),)

underlies the smallest E:f%Jr—substructure of Kt that contains a1, . . ., a; and whose

underlying ring is a field. Thus Kg, := (Ko|q,C N Kojq, G N Kga) is a good sub-
structure of .
Towards separating variables, let £{ be the language £, augmented by the unary
relation symbol C, and let £2 be the language £, augmented by the unary relation
symbol G, so L¢ and L8 are sublanguages of Licjgj. We define the c-relative formulas
to be the L£¢-formulas obtained by applying the following recursive rules:

e quantifier-free £ -formulas are c-relative formulas;

e if ¢ and v are c-relative formulas, then so are ¢ A, @ V¢, —¢;

e if ¢ is a c-relative formula and u is a variable, then Eiu(C’(u) A q5) and

Vu(C(u) — ¢) are c-relative formulas.
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So “c-relative” indicates that all quantifiers are relativized to C. Likewise, the
g-relative formulas are the L£&-formulas obtained by the following recursive rules:

e quantifier-free L,-formulas are g-relative formulas;
e if ¢ and v are g-relative formulas, then so are ¢ A, ¢ V ¥, —¢;
e if ¢ is a grelative formula and u is a variable, then Ju(G(u) A ¢) and
Vu(G(u) — ¢) are g-relative formulas.
Let 1, ...,x,, be distinct variables and © = (z1,...,2Z;). A c-formula in z is by
definition an ,Ci%"’—formula

P(z) = ¢ (co(ri(x)),. .., co(Tk(z)))
with ¢'(uq, ..., ux) a c-relative formula and Eiz;—terms T1(x), ..., 7x(z). Likewise,

L A
a g-formula in x is an £<ng3’+-formula

0(z) == 0 (|r(z)],...,|7%(2)])
with 6’ (uq,...,u;) a g-relative formula and Eiiz—terms T1(x), ..., ().
Let k be the residue field of the Acg-field K = (K, C,G), and T its value group.
Let a € K™, let tp(a) denote the Ei%—type realized by a in K, that is, the set of
Ei?%—formulas ¢(x) such that K = ¢(a). Also,

(@) = {¢(@): KT Ev(@)},  tog(a) = {(z): KT E0(a)},
where ¢ (z) ranges over c-formulas in z, and 6(z) over g-formulas in .
Next, let K' = (K',C’,G") also be an Acg-field whose valuation A-ring is viable,
and let o/ € K'™.
Lemma 11.1. Suppose chark = 0. If tpX(a) = tpX (a’) and tpg(a) = tpg’C' (@),
then tp*(a) = tp' (a').

Proof. As at the beginning of this subsection we have the good substructures Ko, of
K, and K, of K’. Assume tpX(a) = tpX' (a’) and tpg’C (a) = tpgl (a’). Then for any
Eij}—term (), 7™8(a) = 0 & 75" (a’) = 0, since it follows from tp/(a) = tpX (a’)
that

™) =0 & co(m)a) =0 & co(r)(@)=0 < () =0.
We also have for f,h € K the equivalences
J<h & f=hD(f.h), [€C & co(f)y=f [e€G & f#0and|f|=f,

.. . . Acg+ . . . + 14
so Lemma 6.1(ii) gives a unique L p"-isomorphism o : Ko\a — ICola, such that

o(a;) = a for i =1,...,m; in fact, o(7°(a)) = 7' () for every E::E—term T(z).
From tp(a) = tpX'(a’) and tp(a) = tpg’C/ (a) it now follows that o : Kojq — K,
is a good map. Hence tp*(a) = tp* (a’) by Theorem 10.2. O

Let T4 be the Ei%—theory whose models are the Acg-fields of equicharacteristic 0
whose valuation A-ring is viable. (Recall that the viability of the valuation A-ring
R of K means that o(R) = tR for some t € R” with t € 0(A)R; as o(A) is finitely
generated, this is a first-order condition.) Let TX be the extension by definitions
of T4 whose models are the expansions K1 of models K of T4.
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Corollary 11.2. Every Li?gD -formula ¢(z) is T} -equivalent to

(1/)1(x) A 91(9:)) \YEREAY, (1/)N(x) A HN(:E))

for some N € N, c-formulas ¥1(x), ..., ¥n(x), and g-formulas 01(x),...,0n(z).
Proof. Apply Lemma 11.1 in conjunction with [13, Lemmas 5.13, 5.14]. O
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