EXTENDING REAL VALUATIONS TO SKEW POLYNOMIAL RINGS

A. GRANJA, M.C. MARTINEZ, AND C. RODRIGUEZ

ABSTRACT. Let D be a division ring, T be a variable over D, ¢ be an endomorphism of D, ¢
be a o-derivation on D and R = DIT; o, §] the left skew polynomial ring over D. We show that
the set (Val,(R), %) of o-compatible real valuations which extend to R a fixed proper real
valuation v on D has a natural structure of parameterized complete non-metric tree, where <
is the partial order given by p < f if and only if u(f) < (f) for all f € R and u, g € Val,(R).

1. INTRODUCTION

Throughout this paper, we will denote by D a division ring, by T a variable over D, by o
an endomorphism of D, by ¢ a left c—derivation (i.e. d(a +b) = §(a) + §(b) and §(ab) =
o(a)d(b) 4+ é(a)b for all a,b € D) and by R = D[T;0,8] = {f(T); f(T) =a,T"+ -+ ag} the
left skew polynomial ring over D such that T'a = o(a)T+d(a). (See chapter 2 of [GW] for details
on skew polynomials rings.)

The aim of this paper is to study real valuations on skew polynomials rings. Namely, let Val(R)
be the set of functions p : R — R = RU{oo} satisfying the standard axioms of valuations, whose
restriction to D is no trivial and which are o-compatible (i.e. u(o(a)) = u(a) for each a € D).
We consider the partial order < on Val(R) given by p < g if and only if u(f) < p(f) for all
f€Rand p,p € Val(R). Since p =< 1 implies that u and 1 have the same restriction to D (see
Remark 2.1 below), then Val(R) is a disjoint union of the sets Val,(R) such that v is a real
valuation on D.

Our main result (Theorem 5.3) states that (Val,(R), <) is a parameterized complete non-metric
tree. This was first showed by Berkovich in [Ber| (see also [BR]) under the assumptions that
D is an algebraically closed commutative field which is complete with respect to the v-topology
and R = DIT] is the polynomial ring over D (i.e. ¢ = 1p and § = 0). Similar results are given
in [FJ] when D = C((X)) is the Laurent series ring over the complex field, R = C((X))[T] and v
is the usual order in X; and in [Gra2] for normalized real valuations on a two-dimensional local
noetherian regular ring.

Recently, real trees as (Val,(R), <) has been used to introduce a Laplacian operator and study
harmonic and subharmonic functions as well as dynamics of rational functions in an analogous
way as in C. (See [BR] and the references given there.)

On the other hand, our results can be appropriate to study rings that are particular cases of
(iterated) skew polynomials rings. For example, Weyl algebras, quantum spaces, some subalge-
bras of Lie algebras, .... (See [GW] for details.) In particular, our techniques can be used to
compute extensions of valuations to non commutative algebras, which are studied, for example,
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on [L] from other point of view. Furthermore, we think that the results of this paper can also be
useful to give irreducibility criterions for skew polynomials in a similar setting out as for poly-
nomial rings over commutative fields equipped with a proper real valuation. (See for example,
[CZ], [GMR] and [HOS].)

It is worth pointing out that techniques of this paper are similar to MacLane one’s in [M].
However, we shall put our attention on the partial order < rather than generalize MacLane’s
concept of key polynomial to skew polynomial rings, which we shall do at the end of the paper.
Let us explain briefly our viewpoint.

Let p, o € Val(R) be such that g < & and let ¢ € R be such that u(¢) < 1i(¢) and deg(¢) <
deg(¢') for all ¢' € R with u(¢') < fu(¢'). Here, deg(f) denotes the usual degree of f € R. Since
w(af) = p/(fa) for each p/ € Val(R) and a, f € R, then Z(0,0, u, i, ¢) = min{u(r(¢,a)) —
ua) a € R, 0 < deg(a) < deg(@)} > i(¢) > (@), where da = q(¢,a)p + r(p,a) with
deg(r(p,a)) < deg(¢), i.e the left division of ¢a by ¢, see [J]. (Note that pu(r(¢,a)) = p(r(¢,a))
and fi(a) = p(a), since deg(r(¢,a)) < deg(¢) and deg(a) < deg(¢).) We call Z(o, d, 1, i, ¢) the
compatibility index of ¢ with respect to p and g and we point out that Z(o,d, u, i1, ¢) = oo
when ¢ = 1p is the identity on D and § = 0. This is the main difference between consider skew
polynomial rings or polynomial rings over a commutative field. The above allows us to define
augmented and limit valuations in a similar way as MacLane does (see section 3 bellow).

Next, we introduce the Apéry base for a valuation p € Val(R) which is the natural generalization
of the usual Apéry base for the values semigroup of an irreducible algebroid plane singularity (see
for example [Gral]). The properties of the Apéry base of u are related to a second invariant, the
iterated sequence of valuations associated with p, which describes the valuations p' € Val(R)
such that g/ < u. We show that the numerical part of the iterated sequence of valuations and
the Apéry base are equivalent data of the valuation. With this background we get Theorem 5.3
and finally we define and study left key skew polynomials.

The paper is organized in six sections including this introduction. In the next section we review
some concepts about valuations and show some properties of the partial order <. The third
section is devoted to introduce and study augmented and limit valuations in a similar way as [M]
and [V], without considering key polynomials. Section 4 discuses the concepts of Apéry base and
iterated sequence of valuations and establishes the relation between both invariants in Theorem
4.4 and Corollary 4.5. As we had said, section 5 is devoted to obtain our main result, Theorem
5.3. The last section is devoted to introduce and study the concept of left key skew polynomial.
The main difference with MacLane one’s is that left key skew polynomials satisfy an additional
statement: the compatibility condition, which is also defined in terms of the left compatibility
index. The relation between our initial setting out and left key skew polynomials is stated in
Theorem 6.4. We finish the paper with two examples of left key skew polynomials with infinite
left compatibility index.

2. ORDERING VALUATIONS
In this section, we review some concepts about valuations on rings and we introduce some
notation.
A waluation on R = D[T;0,6] is a map p : R — R such that
(V1) p(zy) = p(z) + pu(y) for all z,y € R.
(V2) p(z+y) > min{u(x), u(y)} for all z,y € R.
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(V3) u(1) =0 and p(0) = co.

Where R = R U {oo} is the extended monoid of R by a symbol oo satisfying the usual rules
co+r=x+00=o00forall z € R; and z < oo for all z € R

If v(R) = {0, 00}, v is said to be trivial, otherwise v is called no trivial or proper. Moreover, the
two-side ideal v~1(c0) of R is called the support of v and valuations with zero support are called
Krull valuations.

From now on we shall make the assumption that every valuation p on R is o-compatible
(i.e. p(o(a)) = p(a) for all @ € D) and also every real valuation on D will be assumed o-
compatible.

Finally, we denote by deg(f) the usual degree of f € R (here deg(0) = —o0) and we also recall
that if f,g € R, there exist ¢, € R such that deg(r) < deg(g) and f = gqg + r, i.e. we have a
left division algorithm on R (see [J]).

The rest of the section is devoted to introduce and study a natural partial order < on the set of
real valuations on R. Namely, let u, i : R — R be two real valuations on R. We write u < 1 if
and only if u(f) < u(f) for all f € R.

Remark 2.1. Note that if g < i, then p(a) = fi(a) for all a € D (i.e. p and [1 are extensions to
R of the same Krull valuation v on D). In particular, 4 is trivial on D if and only if g is also
trivial on D.

Next, we shall describe the real valuations 1 on R whose restriction to D is trivial. We have the
following possibilities:

A) There exists h € R such that u(h) < 0. Then pu(T) < 0 (note that if u(7) > 0, then
pu(h) > 0 for all h € R). Therefore, p(h) = deg(h)u(T) and pu is equivalent to the discrete
valuation — deg.

B) u(h) > 0for all h € R. Let A, be the two-side ideal of R given by A, = {h € R; u(h) >
0}. Since R is a left principal ideal domain (see [J]), then A, = Rf for some irreducible
element f € R.

B1) If A, = (0) then p is a trivial valuation on R.

B2) If A, # (0), then f # 0 and for all g € R — {0} we can write g = hf™ with h &€ A,,.
So, pu(g) = p(h) + nu(f) = nu(f).

Moreover, we have the following two possibilities:
B2i) p(f) < oo, and p is a Krull no trivial valuation of R.
B2ii) u(f) = oo, and p is a trivial no Krull valuation.

Thus, if i is a real valuation on R such that p < @ and p is trivial on D, then g is trivial on D
by Remark 2.1 and we have three possibilities:

I) pis of type A). In this case, [t can be either of type A) or B).
IT) p is of type B1). In this case, i can be either of type B1) or B2).

IIT) p is of type B2). In this case, either p is of type B2i) such that u(f) < p(f) < oo or p1
is of type B2ii) such that u(f) < n(f) = oo.
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For the rest of the paper, we will consider real valuations on R whose restriction to D is a proper
valuation. We will denote by Val(R) the set of these valuations.

We next set some notation that we shall use throughout the paper and which is similar to some
one of [V].

Let p, i € Val(R) be such that y < . We denote by O(p, 1) = {¢ € R; u(¢) < fi(¢)}. Note
that ®(u, i) = 0 if and only if 4 = fi. Furthermore, if ®(u, i) # 0, we write:

o d(u, [i) = min{deg(¢); ¢ € ®(u,71)}.

o O, 71) = {¢ € O(u, i); deg(¢) = d(u, i) and ¢ is monic}.

o A(p, i) ={n(¢); ¢ € @(p, 1)} = f (P, 1))-

o v(u, 1) = sup(A(p, i) € R.
Remark 2.2. Note that if ¢ € ®(u, 1), then ¢ is an irreducible left skew polynomial and if
p' € Val(R) with p < i < g/, then d(p, f1) > d(p, p') and d(p, p') < d(fi, p').
We finish this section giving a technical result.

Proposition 2.3. Let p, i, 1/ € Val(R) be such that p < [ = p', then we get the following
statements:

(a) If u < @, then p is a Krull valuation on R.

(b) 1i(¢p) > p(e) for each ¢ € ®(p,p'). In particular, d(p, ') = d(p, fi) and ®(p, ') = ®(u, ).
(¢c) Ewvery totally ordered subset S C Val(R) is bounded above.

Proof. First, assume that p is not a Krull valuation, then p~!(cc) = Rf for some non-zero
irreducible left skew polynomial f € R. Note that p(h) < oo for each h € R — {0} such that

deg(h) < deg(f).

Since p # i, there exists g € ®(u, 1) such that p(g) < 1(g) and deg(g) = d(pw, g) < deg(f).
Otherwise deg(g) = d(u, ) > deg(f), then g = ¢f + r with ¢, € R and deg(r) < deg(f) <
deg(g) = d(p, ). Thus, r & ®(u, ) and (g) = u(r) = p(r) = u(g), which is a contradiction.

Therefore, f = qg + r with ¢, € R and deg(r) < deg(g) = d(p, 1) < deg(f). In this case, also

r & &)(,u,ﬁ) and (r) = p(r) = p(qg) < p(qg). Thus, p(f) = f(r) # oo, which is a contradiction,
hence we have (a).

In order to show (b), let us assume fi(¢) = p(¢) for some ¢ € ®(u,u’) and let us consider
o € D7), Since nleh) < 78 © p(6f), then dn Ty - dog(e!) = dog(s) — dlpsf). T
¢ = g +r with ¢,r € R and deg(r) < deg(¢) = d(u, ') < deg(¢') = d(p Therefore,

-
p(r) = p(r) = p/'(r). Moreover, since deg(q) < deg(¢’) = d(p, i), then i(q) = p(g), and hence

f(qe) = u(qe).

Since u(r) = ji(r) = #/(r) > min{/(¢"),
u(¢) = (@) = jilgg). Thus, we have fi(@
Thus, i(@) > 1(6).

Finally, to see (c) let u* : R — R be given by u*(f) = sup{u«(f); u« € S}. Since S is a totally
ordered set, then p* is well defined. We shall now show that u* € Val(R), and hence p* is an
upper bound of §. We only need to statements (V1) and (V2) of Definition of valuation for p*.

1 (q9)} > min{u(¢’), u(qe)}, then a(r) = u(r) >
) = fi(qp) = p(qp) = 1(¢'), which is a contradiction.
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Let us consider f,g € R. since g*(fg) = p*(f) + *(g9) < w*(f) + p*(g) for all p* € S,
then p*(fg) < pw*(f) + u*(g). To see that the equality holds, assume p*(fg) < p*(f) + n*(g).
Then there exist 7i , i’ € S such that u*(f) — i (f) < €/4 and p*(g9) — i’ (9) < €/4, where
e=p*(f)+p*(g)—u*(fg) > 0. Since S is a totally ordered set, we can also assume without loss

of generality fi' < fi'. Therefore, i (fg) < p*(fg) < i (f) + ﬁ”( ) SE(f)+ 1 (9) =1 (f9)
which is a contradiction. Hence, p*(fg) = p*(f) + p*(g) and we get (V1).

In Fr%er to show (V2), let us assume min{p*(f), u*(¢)} = p*(f) (similarly if min{p*(f), u*(9)} =
w*(g))-

If 5*(g) > p*(f) > u* (f +g), then there exist fi , i’ € S such that i’ (g) > u*(f +9) > 1" (f +9)
and i (f) > p*(f+g) > i (f +9g). Since S is a totally ordered set, we can also assume without

loss of generality i < 7' Thus, 7 (g) > 7 (9) and min{[%' (), 7 (9)} > u*(f +9) > &' (f +9)

which is a contradiction. Hence, min{p*(f), u*(¢)} < p*(f + g) and we get (V2). O

3. AUGMENTED AND LIMIT VALUATIONS

We begin introducing some notation. For each ¢,a € R we denote by ¢(¢,a), r(p,a) the unique
elements of R such that ¢-a = q(¢, a)p+7(p, a) with deg(r(¢, a)) < deg(yp), i.e. the left quotient
and the left rest in the left division of ¢ - a by .

Throughout this section, p, iz € Val(R) will be two fixed real valuations such that u < . Since,
B(u, ) # 0, we also fix § € @ (7).

Next technical result relates the properties of the left division by ¢ with the order < .

Lemma 3.1. With the above assumptions and notation, let a, f € R be such that 0 < deg(a) <
deg(@) < deg(f). We have the following statements:

(a) p(a) = p(a) = p(a(¢,a)) = ila(¢, a)) < p(r(¢,a)) — A().

(b) Let us write ¢™ - a = agf)(b” + a;n_)1¢”_1 + - (n with deg(a) = deg(agq,n)) and
deg(az(-n)) < deg(¢), 0 <i<n—1. Then u(¢"- ) = u( ( )¢") < pla; (n )(bi), 0<i<n—1.

(c) u(f) < u(r(e, f)) and p(f) < plq(o, f) - ¢).

Proof. First, let us assume pu(r(¢, a)) < u(¢-a) = p(a-¢). Then i(¢p-a) > pu(¢-a) > pu(r(e, a))

a)) =

p(r(¢,a)) = pq(9, a)9) > u(q(¢; a)¢). Since u(r(p,a)) > min{pu(¢-a), 1(q(¢, a)d)} and u(d-a) >

w(q(@,a)p). Therefore, u(r(e, )) = u(q(¢,a)¢), which is a contradiction. So we have (a).
¢

(b) follows easily from (a).

(r
Finally, if either u(f) > u(q(¢, f)-¢) or u(f) > u(r(9, f)), then u(f) > u(q(9, f)-¢

Thus ji(f) > p(f) > u(r(é. f)) = fi(r(o, f)) and i(q(@.f) - 6) > u(a(6, ) - 9) :Z(r(¢, 1)
w(r(o, f)), which is a contradiction, and this shows (c).

Since we are working with R as group of values, we need a compatibility property for real
valuations on R. The next result allows us to do this.
Proposition 3.2. With the above assumptions and notation, let us denote by

L(0,6, p, 1, ¢) = min{p(r(¢, a)) — p(a); a € R, 0 < deg(a) < deg(¢)}.

Then Z(o,0, i, i, ¢) € R and Z(0,0, i, i, &) > ji(¢) > u(p). Furthermore, let us consider a non
negative integer i and b € R such that 0 < deg(b) < deg(e). Let us write ¢'b =3, _, b,(j)qﬁk, with
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deg(b ) < deg(¢), 0 < k <1i. Then u(bgi)) +iy < u(b,(f)) +ky, 0<k <i—1 for each v such
that :U’(QS) <7 < I(Uv 5,,&,/], ¢))

Proof. I(0,0, 1, 1i,¢) € R and fi(¢) < I(o,d, i, i, ¢) follow from Lemma 3.1 (a). We proof the
second statement by induction on ¢. The case ¢ = 1 again follows from Lemma 3.1 (a).

Therefore, assume u(bl(l)) +ly < ,u(bg)) +kyfor0<k<l—1land1<1!<i—1. Wecan
write ¢ib = ¢ (¢ 1b) = ¢(z§;}) bgi*”qu) = Y (b )t By Lemma 3.1 (a), ¢ib =
> (ao,68 ) wl + <¢7b“‘”> 7)., b7 = a0, b5, b = a(0,b7) + (0,0,
1<l<i—1and b = r(¢7 ) Moreover, ,u(b( )) = n(q(o, bgiil))) < u(r(¢,bgi71)))—ﬁ(¢)
for0<s<i-—1

By induction hypothesis u(gq (¢, 1 )) +ly = /A(b(Z 1)) +(l—=1)v+v> u(b(ifl)) +@E—1D)y+7y
and also u(r (gb,b(z 1))) +ly > u(b(Z 1)) + + l’y > u(b(z 1)) + (¢ — 1)y + v, by definition of
(0,6, 1,75, 6). Hence (b)) + 1y = p(a(6,55") + r(9.6;™") + 1y = min{pu(a(6.b ")) +
by, ulr(e,b) ) + 17} > u(bY:f’) +iy = u(q(9, b)) +iv = p(bf”) + iy for 1<1<i— 1.

To finish, p(by’) = p(r(6,65 ")) > w(®§ ™)+ > p(b ") + (i — 1)y + 7 = u(b”) + iy by
Lemma 3.1 (a) and 1nduct10n hypothesis. O

Definition 3.3. We shall say that Z (o, d, , i, ¢) is the compatibility index of ¢ with respect
to p and .

To define augmented valuations as in [M, V] we first need the following result.

Theorem 3.4. With the above assumptions and notation, for each v € R with Z(o, 8, i, i, ¢) >

v > (@) let us write py(g) = min{u(g;) +iv; 0 < i <r} for all g € R, where g = Zl 09i®"
with deg(g;) < deg(¢) = d(p, i), 0 < i < r. Then p, € Val(R), p < p, and p, < 1 when

v < (o).

d e
Proof. Let us counsider f, g € R — {0} and write f = Zaigbi and g = ijgbj with 0 <
i=0 7=0
deg(a;),deg(b;) < deg(¢),0<i<dand 0 <j<e.

From an easily computation we get p,(f + ¢) > min{u~ (f), 1 (g)}-

d e

On the other hand, let us write fg = Z Z (aiqbibj(bj) = Z a ¢! with deg(c;) < deg(¢) and
i=0 j=0 0<i<d+te

d e
b = Zig b,(:’j)¢>k where b;f’j) =0 for k > i+ j and k < j. Therefore, ¢; = Zzaibl(m)
i=0 j=0

Note that fa(a;)+u(biy% )+ (i+5)y = plai)+u(by)+(i+5)y < plar)+u(by )+ for k # i+j and
0 < k < d+e by Lemma 3.1 (b) and Proposition 3.2. Hence, p (a;¢'b;j¢?) = pu(a;)+u(b;)+(i45)y

Furthermore, i (fg) > min{u,(a;¢’bj¢?); 0 <i < d; 0 < j < e} > min{pu(a;) + p(bj) + (i +
1 0<i<d 0< )< e} > mingica{plan) + v} + mingsec{ulby) + 57} = 1 () + 1 (9).
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Now, let ig (resp. jo) be the greatest index such that 0 < ig < d (resp. such that 0 < jp < e)

and i, (f) = plai,) + oy (resp. piy(g) = p(bj,) + joy). We have p,(f) < p(a;) + iy (resp.
pr(g) < p(bj) + jv) for d > i > iy (resp. e > j > jo).

Let (¢,7) # (i0,jo) be such that bEZi)jo # 0. Then i > ig or j > jo. (Note that j <ig+jo <i+j.)

Moreover, p(b{7) ) > p(biy?) = p(by) > p(bj,) and p(ai) > p(as,).

Thus, if ¢ > 4, then p(a;) > p(a;) and ﬂ(azb£0+)m) > p(as,) + p(bj,) and also if j > jo, then

M(bj) > /’L(bjo) and M(albgzi)jg) > :u(aio) + :u(b]o)' Therefore, /’L(Cio-‘rjo) = :u(aio) + :u(bjo) and
iy (f) + 1y (9) > py(fg). Hence, py(f) + 1y (9) = 114 (f9)-
Finally, we get pu(f) < p,(f) by induction on d. If d = 0, then u,(f) = p(f) and since

p(f) < min{pu(ge), p(ao)}, where ¢ = 2?21 a;#* "1, then the induction step follows from Lemma
3.1 (c). Hence, since (@) < piy(¢), we get p < fiy.

The last assertion is straightforward. O

As in [M, V], we say that p, is an augmented valuation of p and it is denoted by p, =
15 1y (@) =]

Next, we state more properties of augmented valuations.

Proposition 3.5. Under the assumptions and notation of Theorem 3.4, we have the following
statements

(a) Let p' € Val(R) be such that p < p' =< py and let us write p'(¢) = ' and py =
(15 iy (@) =7']. Then ' = py. In particular, d(p/, py) = d(p, pty) when p' # pny

(b) Let ¢' € ®(u, 1) be such that u(¢') < v* < fi(¢") and write pyx = (s pye(¢') = 7*]. If
v < (@) and v < v*, then piy(¢) < py (@) and puy = py=. Moreover, fiy = = if and
only if v = *.

(c) Let us also assume i(9) = = 7(u, ) € M. i) and juy # fi. Then d(juy, i) > d(p, 7).

Proof. To see (a), we point out that p < p/. Moreover, if v =/, then p = p/ = p.

Therefore, assume 7' < 7 and . < p/. By Proposition 2.3 (b), ¢ € ®(py, f1y) = ®(p47, 1) and
iy (@) < pi/'(¢), which is a contradiction, and this proves (a).

In order to show (b), let us write ¢ = ¢’ + r with r € R and deg(r) < deg(¢) = deg(¢’).
If py(d) > piy<(9), then v* = oy (¢) > v = py(¢) > pye(¢) = p(r) = (7“) Therefore,
() > 117(6) > i(r) and () > - (6/) > ilr). So, we have fi(6), (&) > fi(r), which is a
contradiction. Hence, fi(¢) < piy=(¢) and iy = piy=.

The last claims of (b) follow easily from (a) and the definition of augmented valuation.

For (c), since p, # [, there exists ¢’ € ®(pu., ) such that p(¢’) < p,(¢') < f(¢') and deg(¢’) =
d(pey, 1) > d(p, 1) (see Remark 2.2).

Let us assume d(p, i) = d(p, ), then (o) < y(p, i) = ﬁ((b) = py(¢) = 7. Let us write
¢ = ¢ +r with r € R and deg(r) < d(py, ) = d(p, 1) = deg(¢). Since p(¢') < f(¢") <
12(68) = Fi(6), then (1) = (1) = 1 () < (@) < fi(9). So, fi(r) < fi(e) < fi() which is a

contradiction. Hence, d(u, 1) > d(p, ft). O
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We point out that if v = ~y(u,t) € A(u,r) we can define an augmented valuation p, with
d(py, i) > d(p, ) (see Proposition 3.5 (¢)).

The question is: What does happen when v(u, 1) & A, 1) ¢ Therefore, let us assume v(u, ) €
A(p, ). For each v € A(u, 1), we fix ¢, € ®(p, &) such that i(¢,) = v and we write p, =

15 1y (D7) =]
Lemma 3.6. With the above assumptions and notation, (1, does not depend on ¢, € ®(u, 1)

with [(¢p) = v for all v € A(u,t). Moreover, if v < ', then py = py. In particular,
{1y; v € A, )} is a totally ordered subset of Val(R).

Proof. Let ¢' € ®(pu, 1) be such that 11(¢") = fi(¢p) = v. We write p' = [pu; p/(¢') = 7] and ¢’ =
b+ with deg(r) < deg(¢,) = deg(¢') = d(y, 7). Therefore, fi(r) = (r) = jir(r) =

and p,(¢") = .

For each f € R, we write f = aq(¢)? + ag_1(¢')¥ 1 + -+ + ag with a; € R and deg(a;) <
deg(¢’) = d(p, 1), 0 <4 < d. We have

p13(f) = min{p, (ai(¢)'); 0 < 0 < d} > min{p(a;) +iv,0 < i < d}y = 1/ (f).

Note that g (a;(¢')?) = p(a;) + ip(¢') > pla;) + iy, 0 < i < d. Hence, y/ < . Similarly
fiy = p'. Thus, p' = p,.

On the other hand, let 7,7 € A(p, 1) be such that v <+ and ¢, ¢, € ®(u, z) be such that
pry = (15 1y (95) = ] and gy = [ 1y (9yr) = 2], We write ¢y = ¢y 47 with 7 € R and
deg(r) < d(u, ) = deg(py) = deg(¢y). Since fi(gy) = py(dy) =7 =7 = py(dy) = R(ey),
then p,(r) = p(r) > . Hence, py(¢y) > py(¢4) = v and since p, is an augmented valuation,
we get fiy X iy O

Under the assumptions and notation as in the proof of Lemma 3.6, we have ., = [1t; py(d) = 7]
and iy = [l 5 pyr () = 7] for v,7" € A(p, ) with v <+ (see Proposition 3.5 (a)).
We define pioo : R — R by 1o (f) = sup{u(f); v € A(u, 1)} for each f € R. From Proposition

2.3 (c) and Lemma 3.6, we have poo € Val(R) and p < py = fioo < 1. As in [M], poo is called
the limit valuation for the pair (u, zt).

Now, we give the main properties of limit valuations in the following results.

Proposition 3.7. With the above assumptions and notation, let us consider p/ € Val(R) such
that p < ' < poo <X fi. Then there exists ¢ € P(p, ) such that v = p'(¢) < poo(@) and
W= pys where poyr = [ oy (6) = 7]

Proof. It v' = p/(¢) = poo(@) for all ¢ € ®(u, 1), then p, < g’ for each v € Ay, ). Thus, by
definition of the limit valuation g, we have poo < g’ .

Therefore, assume 7' = 1/ (¢) < poo(¢) for some ¢ € ®(p, 1). If py < g, then ¢ € P(py, pioo) =
®(f17, 1) (see Proposition 2.3 (b)) and 7' = p(¢) < p'(¢) = ', which is a contradiction. [

Remark 3.8. Let us consider u’ € Val(R) be such that p < u/ < and write . = pioo, when
(s 1) & Ap, ) and pue = [p; pa(@) = v(p, )], when y(u, p) € A, 1) for some ¢ € @(u, 1)
with 71(¢) = v(u, t). Then we have the following possibilities:

(1) ¢ (¢") = (') for each ¢’ € ®(u, ). In this case, u. < u'. (This follows clearly from the
definition of p,.)
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(2) There exists ¢’ € ®(u, 1) such that v = p/(¢') < (¢’). In this case, p = p/ < ps,
where fi = [p; p1(¢") = 7']. (Note that p < p" and if p, < g/, then ¢ € ®(p, 1) =
D (py, ') and v = py (@) < /(@) =+ which is a contradiction. Moreover, if p. = oo
then g1y < p and if p = [ (@) = v(1, )], then p < p, by Proposition 3.5 (b).)

Proposition 3.9. With the above assumptions and notation, we have:
(1) If poo(f) = o0 for some non-zero polynomial f € R, then fioo = [i.

(2) If v(p, ) = o0, then poc = f.

(3) If poo # I, then poo is a Krull valuation and y(u, ) < co. In this case, d(poo, ) >
d(p, p).

Proof. Assume o (f) = oo for some f € R — {0}. If poo < fi, then po is a Krull valuation by
Proposition 2.3 (a), which is a contradiction. Hence, (1) is showed.

To see (2), assume y(u, i) = 00 and oo # fi. There exists g € P00, 1) such that pe(g) < f(g).
In particular, peo(g) < oo and d(p, it) < d(feo, 1) (note that p =< peo = ).

Since y(u, 1) = 00, let us consider v € A(p, ) with

(d(proos 1) = d(p, 1)) proo (T) + 7 > f1oo(9)

and write h = g — T4ke=d) g As deg(g) = d(uoo,ﬁ) and deg(¢,) = d(u, ), then
deg(h) < deg(g) = d(pioo, ft). Furthermore, piy = fioo < i and v = f1y(dy) = froc(dy) = fly).
Thus, peo (Td(ﬂm7u) dlp, H)(b ) > fico(9) and pioo(h) = fico(9)-

On the other hand, since fi (T4 =dwB) g ) >y (T HoeM =AW g ) > 11 (g), then fi(h) >
min{z(g), i (T4H=M =4 ¢ )} > 115,(g) = poo(h) which contradicts deg(h) < d(oo, f).

Finally, if oo # 11, then poo is a Krull valuation by Proposition 2.3 (a) and v(u, 1) < co by (2).
Moreover, since ft = fioo = 1, then d(u, i) < d(phoo, ft)-

Assume d(p, 1) = d(poo, 1t), then p(¢) < poo(¢) < 1i(¢) for each ¢ € P(lueo, it). In particular,
w(p) € A(p, ). Since y(u, 1) & A(p, 1), there exists vo € A(p, i) such that v > fi(¢) for each
v € A(p, ) with v > ~9. Therefore, we can write ¢ = ¢, + r, with r, € R and deg(r,) <
deg(¢y) = d(p, 1) = d(poo, 1) = deg(¢)- Since poo(Py) > py(Py) = v = f(dy) > [i(¢), then
A(P) = fi(ry) = proo(ry) = Hoo(¢p), which contradicts ¢ € ® (oo, ft). This completes the proof of
(3). O

To finish this section, we shall give an useful technical result on augmented valuations.

Lemma 3.10. With the above assumptions and notation, let us also assume v < p(p) (i.e.
py = ). Then deg(d) - i(¢') > deg(¢’) - v for each p' € Val(R) with i < p' and each
o' € o, 1),

Proof. Let us write deg(¢) = d and deg(¢’) = d’ and assume d - i(¢') < d'-v. Let § € R be such
that d- u(¢') < d- 8 < d -~ and let us write fig = [i; fg(¢’) = Al

We can write ¢7 = (¢/)% + a1 (¢/)* + -+ + a,, with a; € R and deg(a;) < d', 1 < i < s.
Therefore, deg(¢') - v = 1y (¢d ) < ,u/g(qbd ) < 7i((¢")?) =d- B < d -~ which is a contradiction.
Hence, deg(¢) [i(¢") = deg(¢') - . O
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4. INVARIANTS

Throughout this section, u € Val(R) will be a fixed real valuation. Our main objective is to
introduce two invariants for such a p, the Apéry base and the iterated sequence associated with
w, and study the relations between them.

For each non-negative integer ¢ > 1, we define
w;i(n) = sup{u(f); f € R, monic with deg(f) =i} € R.

Note that w; (i) + w;(p) < wiyj(pn) and if w;(u) = oo for some non negative integer ¢, then
w;(p) = oo for all j > i. We shall say that {w;(i)}i>0 is the Apéry base of p, where wy(p) =

w(T).

Next, we define inductively the iterated sequence of valuations {(u;,d;,v:)}!_, associated
with .

First, we denote by 1o(d_<;<q a;T%) = min{p(a;) +iu(T); 0 < i < d}. Since the restriction
pp of pto D is pu(T)-compatible (in the sense of [CZ]), then po € Val(R) by Proposition 4.5 of
[CZ]. We write dg = 1 and vo = (7). Note that pg = g and possibly u(T) < 0.

Since (10, do, Y0) is already defined, let us assume that (us, ds,s) is defined for some s > 0 with
s = . We have the following possibilities:

a) If py = p, then ¢ = s and there is nothing to do.

b) If us # p, then ¢t > s and we have two possibilities more:

b.1) v(us, i) € Aps, pt). In this case, dsy1 = d(ps, 1), Ys41 = Y(ps, 1) and prgy1 =

[1s 5 pst1(Pss1) = Ys41], where iy € P(ps, p) With p(dstr) = Vo1 = V(ps: p);
i.e. 11 is an augmented valuation of ps.

b.2) v(ps, 1) & A(ps, ). In this case, dsy1 = d(ps, 1), Vs41 = V(s ) and pisy1 is the
limit valuation associated with the pair (us, ).

The existence of the iterated sequence of valuations associated with p follows from Propositions
3.5 (c) and 3.9 and the following statements follow from the results of Section 3.

e t € NU{oo} and if t € N, then p; = p.

e 1; is a Krull valuation on R, i < t.

o i1 <p; 2,1 <<t

e dp=1land d; < dj41,1 <i<t.

e =T, €ER,1<i<tandy; € R whent € N.

Firstly, we study the behavior of the iterated sequence of valuations associated with p respect
to the order relation <.

Proposition 4.1. With the above assumptions and notation, let ' € Val(R) be such that ' <
and let {(u;, d;,v}) iy be the iterated sequence of valuations associated with p'. We have the
following possibilities:

a) (/' (T) < w(T). In this case, t' =0 and py = ' < po.

b) W/(T) = w(T). In this case, there exists a non-negative integer 1 < I < t such that
pi—1 = ' < . Furthermore, either 1 = p', ' =1—1, p; = p;, dj = d; and v, = i,
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0<i<t'=l-Tl;orpm<p,t' =0, p,=pw,di=di,v,=~ for0<i<t'—-1=1-1,
dj, = dp and there exists ¢ € P(pj—1,p) such that v, = @' (¢) < u(P) and p' = ppy =
[i—15 per (@) = ]

In particular, J, = {i' € Val(R); 1’ = p} is a totally ordered subset of Val(R).

Proof. First, assume '

(T) < u(T). Thus, py = p' < p. I py < @/, then @(ug, p') = (g, p)
(see Proposition 2.3 (b)), and since pH(T) = p/(T) < w(T), then T € P(uy, 1) which is a
!/

contradiction. Hence, uf, = ¢/ < po and this shows a).

Now, assume p/(T) = u(T). Thus, py = po < /. Let I € NU {oco} be the greatest non negative
integer or infinity such that pu; < p/ for 0 < j < I. We point out that I # oco. If | = oo, then
t = oo and since {d;}$°, is a strictly increasing sequence of non-negative integers, then for every
[ € R there exists j > 1 with deg(f) < d; and p(f) = p;(f) < /' (f). So, p < p' which is a
contradiction. Hence, p—1 < p/ < p.

If yyy—1 = 1/, then b) follows from the definition of the iterated sequence of valuations.

If ju—1 < p' < p, there exists ¢ € O(—1,4') = P(—1,1) = (-1, ) such that 7" =
1 (¢) < (). (Otherwise, p; < 1/, which is a contradiction.) Furthermore, .,y < p/ < p1, where

Py = [p1-1 ;o (@) =+]. If oy < i’ < 1, then ®(pyr, pt') = ®(pey, 1) (see Proposition 2.3 (b))
and since v = p(¢) = p/'(¢) < p(¢), then ¢ € ®(p/, '), which is a contradiction. Hence,
py = p and py = g < py. (This last is clear when fy; is a limit valuation and follows from

Proposition 3.5 (b) when f; is an iterated valuation of p;_1.)

At this point, b) follows easily from the definition of the iterated sequence of valuations. O

The next result guarantees the existence of the minimum for the order < of two real valua-
tions.

Proposition 4.2. With the above assumptions and notation, let us consider i € Val(R) such
that uw A 1, & 2 u and assume ' < p and p' < [ for some p' € Val(R). Then there exists
e € Val(R) such that pe < p, ps < 1 and D(pe, p) N ®(pa, ) = 0. In particular, {p”’
Val(R); ps < S pyn{p” € Val(R); pe < p' =}t =10

Proof. First, assume u(T) < p(T') (similarly if g(7) < u(T)). In this case, o < i, o < p (note
that u A 1) and d(po, t) = 1. Furthermore, if ®(ug, 1) N ®(po, 1) # 0, then d(pg, ) = 1 and
there exists T + a € ®(uo, ) N P(po, ) for some a € D. Thus, min{u(T), u(a)} = po(T + a) <
min{u(T + a), /(T + )}, p(T) = p(a) = fia) < F(T) and (T +a) = fi(a) = p(a) = po(T + a),
which is a contradiction. Hence, ®(ug, u) N ®(uo, f) =

Now, assume p(T) = p(T), then pg < f. Since p A i, there exists a non-negative integer
1 <k <t such that pp_1 < it and ug A 1. We can distinguish two possibilities:

A) y” A for each p'' € Val(R) with pg_1 < p”” < pg. In this case, ®(pug—1, ) O (pg—1, 1) = 0.
(Otherwise, let us consider ¢ € ®(ug—1, 1) N P(ug—1, ) and write v = min{p(¢), i(¢)}. Then
Pr—1 < fyr = pi and fi0 = which is a contradiction, where piy = [pr—1; py (¢) =~"].)

B) There exists u” € Val(R) with ug—1 < g’ < pg and g/ < . In this case, for every
p” € Val(R) with ug_1 < pu” < pg, there exists v/ € A(ug—1,1x) = A(pg—1, 1) such that
W= pyr = [g—1; pyr (@) = "] for some ¢ € ®(px—_1, 1) (see Propositions 3.5 (a) and 3.7).

Let us consider v, = sup{y”; py» < ft}. We point out that v, < y& = y(ttk—1, ). (Otherwise,
U = i, which is a contradiction.) Thus, there exists ¢* € ®(ug—_1,p) such that p(¢*) > v, >
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pr—1(¢*) and py = py, = [pr—1; fry. (¢) = 74] < 11, also by Propositions 3.5 (a) and 3.7. Note
that p. < pg.

Finally, ® (s, 1) N P(ps, 1) = 0. Otherwise, there exists ¢’ € D (s, p) N P(ps, ). Since ¢* €
D (f1y, 1), then deg(¢*) = deg(¢’) = di and ¢’ € ®(pug—1,p). Therefore, p, < ps < fi, where

¥ = min{u(¢’), i(¢)} and pz = [p.; p5(¢') = 7]. Since pz = [pr—1; p3(¢') = 7], then pz <
which is a contradiction. O

As an easy consequence of Lemma 3.10, we have the following result.

Proposition 4.3. With the above assumptions and notation, let us also assume t > 2, then
dig17vi < diyig1, 1 <i <t

The relation between the iterated sequence of valuations associated with p and the Apéry base
of u is stated in the following:

Theorem 4.4. With the above assumptions and notation, let i > 1 be a non negative integer
such that dx—1 < i < dy (here d, = 0o when k — 1 = t) and let us write i = Ef;& sjd; with
0<sj<djt1/d;, 0<j<k—1. Then w;(pn) = Zf;é s;7;, where Z?;& sjvj =00 if k—1=t
and vy = oo. In particular, wq, () = v;, 1 < j < t. Moreover, wi(p) < (i/dyp—1)vr—1 and the
equality holds if and only if dx_1 divides 1.

Proof. The proof is by induction on k.

Since u(f) = po(f) for each f € R such that deg(f) < di, then w;(p) = wi(po) = iu(T) = ivo
for 1 <14 < dy and the result is stated for k = 1.

Let us assume the result true for all non-negative integer [ such that d,_1 <1 < dp with h < k—1.
Consider a non-negative integer i with dp_1 < i < d.

Let {@(Lh)};’f:l C A(ph—1, ) be a sequence such that lim, By(bh) =, forall 1 < h < k. (If
Y € A(ptn—1, 1), we take ,87(,,}1) = 4, for all n > 1.) We also fix ¢$lh) € ®(pp—1, 1) such that
,u(¢7(¢h)) = ,uh((b%h)) = Bﬁbh), n>1land 1 <h <k (Ify, € A(ptp—1,p), we take ¢£1h) = ¢ with
u(¢) = 4 for all n > 1.) Furthermore, let us write u(™ = [u), 1 ; u(”)(gbflh)) = ,Béh)], n > 1.

Let us consider f € R a monic left skew polynomial with deg(f) =4 and write

e R

Sk—1

with deg(q/") < dr_1, 0 <1 < sp_1, n > 1. Then 1 (f) = p(f) = 1 (f) < pr—2(g§") +

sk,lﬁy(f*l), n > 1. Since q(()n) is monic, deg(q(()n)) =l=4—58p_1dp_1 = Z;:g sjdj and sp_1 # 0,

then ,uk_g(q(()")) < wi(p) = Zf;g sjy; by induction hypothesis. Hence, prp—1(f) = p(f) <
k—1 k—1

Ej:o 557 and w;(p) < Zj:() 5575

On the other hand, if g, = T* [[}Z{ (6")*, n > 1, then deg(gn) = i and u(gn) = 5=5 5535

w; (), where B = w(T) = po(T) = 70, n > 1. Therefore, hm"—”x(zj;é 53 ’(’j)) - Zf;é 537
k—1

wi(p). Hence, w;(p) = 32520 557

Finally, since vo/do < y1/d1 < -+ < vy /d) (see Proposition 4.3), then

do
wi(p) < sp—1Vk—1+ -+ 5171 + Sod*% =
1
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s1d1 + sodo s1d1 + sodg

= Sk—17k—1+ -+ S22 + d v < Sp_1Yk—1 + -+ S2y0 + y —
1 2

sada + s1d1 + sodo
do
Sp_odg_2 + -+ -+ s1dy + s0dg i
V-1 = 57— Vk-1-
dr—1 dr—1
Note that if s; # 0 for some 0 < j < k — 1, then the corresponding inequality must be strict and
this complete the proof. O

= Skp—1Vk—1+ -+ S373+ 2 < <

< Skp—1Vk—1 t+

Notice that Theorem 4.4 shows that the Apéry base {w;(ut)}i>0 is determined by the sequence
{(di,¥i)}i>0 (i-e. the numerical part of the iterated sequence of valuations associated with u).
The converse is also true, that is the Apéry base determines the numerical part of the iterated
sequence of valuations. In fact, we have the following:

Corollary 4.5. With the above assumptions and notation, we have
a) dy =1 if and only if wo(p) < wi(u).
b) For k > 1 the following statements are equivalent:
b.1) wi(p) > wr(p) +ws(p) for each r and s with 1 <r,s <k andr+s=k.
b.2) k€ {d;; d; > 1}.
Proof. a) Assume d; = 1, then uo(T + a) < u(T + a) for some a If u(a) < w(T), then

e D.
p(a) = po(T + a) = p(T + a) which is a contradiction. Thus, p(a) > p(T') and wo(p) = u(T) <
po(T +a) < (T + a) < wy(w).

Conversely, assume p(T) = wo(p) < wi(p), then u(T) < p(T + a) for some a € D. Thus,
w(T) = p(a) and p(T) = p(a) = po(T + a) < w(T + a). Hence, d; = 1.

b) To see b.1)==b.2), assume k ¢ {d;; d; > 1}, so d; < k < d;1 for some non negative integer
i (here diy1 = oo when i = t < 00). We can write k = Zz':o sjd; with 0 < s; < djq1/d;,
0 < j <i. We have Zf;é sj > 2 (otherwise, k = d; > 1). Now, it follows immediately that
wi (1) = wr(p) + ws(p) for some r and s with 1 <r,s < k and r + s = k.

b.2)==b.1). Assume k = d; > 1 and let r and s be such that 1 < r;s < k and r + s = k.
By Theorem 4.4, w.(1) < (r/d;i—1)vi—1 and ws(p) < (s/di—1)vi—1. Thus, w,(p) + ws(p) <
((r4s)/di—1)vi—1 = (di/di—1)vi—1 < Vi = wq, (). 0

5. THE TREE STRUCTURE

In this section, we fix a proper o-compatible valuation v on D such that
I(0,0,v) = inf{v(6(a)) — v(a); a € D — {0}} > —o0.

We call I(0,,v) the compatibility index of v and we write Val,(R) = {u € Val(R); up = v}.
Notice that Val,(R) # 0, since I(0,d,v) > —oo. (See Proposition 4.5 of [CZ].)

Next and following [FJ], we recall some definitions about trees.

Let (T, <) be a partially ordered set (poset), we say that a totally ordered subset S C T is full,
ifo,c’eS,7e€T ando <7 <o imply 7 € S.

Definition 5.1. A non-metric tree is a poset (7, <) such that
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(T1) For every o,7 € T there exists e € T with e < o and € < 75
(T2) for every 7 € T the set {o € T; o < 7} is order isomorphic to an interval of R;
(T3) every full, totally ordered subset of T is order isomorphic to an interval of R.

Furthermore, 7 is said complete if every increasing sequence (7;);>1 in 7 is bounded above,
i.e. there exists 7o, € T such that 7; < 7, for every i.

We point out that the above definition of a non-metric tree does not verifies that every non-empty
subset S of 7 has an infimum in 7. In [N] it is suggested to include this last as another condition
to be a non-metric tree (see that paper for more details). In our case, the existence of infimum
will be guaranteed by Proposition 4.2.

Definition 5.2. A parameterization of a non-metric tree (7, <) is an increasing (or decreasing)
mapping « : T — [—00, +00] whose restriction to any full totally ordered subset of T gives a
one to one map onto an interval of R.

Our main result is:

Theorem 5.3. With the above assumptions and notation (Val,(R), <) is a parameterized com-
plete non-metric tree.

First, we define a parameterization on (Val,(R),<). Namely, a, : Val,(R) — R be the
map given by «a,(u) = 7¢/d; when ¢t # oo and «,(p) = lim;_o 7;/d; when t = co. Where
{(pi, diyvi) oy is the iterated sequence of valuations associated with p € Val, (R).

For the proof of Theorem 5.3, we first note that the tree condition (T1), follows from Proposition
4.2. Furthermore, by Proposition 2.3 (¢), Val,(R) is complete. The rest of the proof is an easy
consequence of the following:

Lemma 5.4. Let us consider u', n € Val,(R) and denote by {(wi, d;i,vi) Yo and {(p}, d}, i)}
the iterated sequence of valuations associated with u and p', respectively. We have the following
statements:

(a) «, is a strictly increasing map.
() J. = {y' € Val,(R); ¢/ = u} is a full totally ordered subset of Val,(R) for each

p € Val,(R) and o, is a strictly increasing map whose restriction oy, to J, is an
increasing one to one map from J,, onto an interval of R.

(c) Let S be a full totally ordered subset of Val,(R), then o, (S) is order isomorphic to an
interval of R via .

Proof. Assume p' < p. By Proposition 4.1, s < co and we can distinguish two possibilities:

(1) If w(T) < w(T), ¥ =0 and pj = ¢’ < po. Since dy =1, v = p/(T), and vo = p(T), we get
!
’ Y0 "o

v =—<—<a .

o (') & <4 =° (1)
(2) If W/(T) = p(T), there exists a non-negative integer 1 < [ < ¢ such that p;—1 <X ¢/ < .
Yi—-1 Mt
= — < —

di—1  dg

Ve

/
= % < - a,(p), where ¢ € ®(p—1,p'), s =
s t

Moreover, either ;1 = p' and a, (1) = a,(u), by Proposition 4.3, or p;_1 <

,U/l = W, /’Ll = [Ml—hV; = NI(¢)] and aU(/’L/)



EXTENDING REAL VALUATIONS TO SKEW POLYNOMIAL RINGS 15

Lo, =p, d; =di, vl =~ for0<i<s—1=1-1andd, =d;. In the last case, note that
pi—1 < ' < p and we can also apply Proposition 4.3. So, we have proved (a).

By Proposition 4.1 and statement (a) above, to get (b) we must only see that a7, is an onto
map.

Let us consider a a real number such that a < a, (u). There exists a non-negative integer k such
that 1 <k <t and yx—1/dp—1 < a < v /dk.

If y,—1/dk—1 = a, then o, (pg—1) = a.
If yie—1/dk—1 < a < 7y /dy, we can distinguish two possibilities:

(1) v € A(pg—1,1). In this case, let @ € ®(ur_1, 1) be such that u(¢) > ady and p/ =
[k—1; 1’ (¢) = dya). Then p/ =y and o, (1) = a.

(2) vk ¢ A(pk—1, ). In this case, py, is the limit valuation associated with the pair (pg—1, ).
Let ¢ € ®(ug—1,4) be such that pu(é) > adi. Note that u(¢p) = v < . If /' =
[pe—1; 1 (¢) = dial, then ' < p and o, (i) = a.

To see (c¢), we point out that S is bounded above by Proposition 2.3 (¢). Let i € Val,(R) be
an upper bound of S. Thus & C {u € Val,(R); p = pn} = Jz and o, : Tz — (—00, a, (1)) is
a strictly increasing order isomorphism, by the above statement. Hence, «,(S) is a full totally
ordered subset of (—oo, a,,(f1)] and it must be an interval of R.

Remark 5.5. Notice that (Val(R), =) is the disjoint union of (Val,(R), <) such that I(o,d,v) >

—0Q.

On the other hand, it is possible that I(c,d,v) = —oco and thus Val,(R) = (. For instance,
let D = K({X;}$2,) be the quotient field of the polynomial ring K[{X;}5°,] in a denumerable
set of variables {X;}$2, with coefficients in a commutative field K. We take ¢ = 1p and ¢ the
K-derivation given by §(X;) = X;11. Finally, let v be the monomial valuation on D given by
v(X,) = —n?. Since v(§(X,,)) —v(X,) = —(n+1)2+n? = —(2n+1), we have I(1p,d,v) = —00

6. MACLANE KEY POLYNOMIALS

In this section, we shall define left key skew polynomials for Krull valuations in a similar way as
in [M]. In fact, our concept of left key skew polynomial coincides with MacLane’s one when we
only consider the polynomial ring in one variable with coefficients in a commutative field, (i.e.
when D is a commutative field, 0 = 1p and § = 0).

With the notation as in the previous sections, let p € Val(R) be a Krull real valuation.
Definition 6.1. For any f,g € R we say:

(1) fis p-equivalent to g, if pu(f —g) > pu(f) = pu(g). We shall denote it by f ~, g or
simply by f ~ g when no confusion can arise.

(2) g is left p-divisible by f, if there exists h € R such that g ~, hf.

Definition 6.2. A non-zero element ¢ € R is a left key skew polynomial for p if it satisfies
the following conditions:

(K.1) Irreducibility. Let f,g € R be such that fg is left p-divisible by ¢, then one of the
factors is left u-divisible by ¢.
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(K.2) Minimal degree. For all f € R such that f is left u-divisible by ¢, we have deg(¢) <
deg(f)-

(K.3) Monicity. The leading coefficient of ¢ is 1.

(K.4) Compatibility. p(¢) < min{u(r(¢,a)) — p(a); a € R, 0 < deg(a) < deg(¢)}, where
¢-a=q(¢,a)-+r(¢,a), with deg(¢(¢, a)) = deg(a) and deg(r(¢,a)) < deg(¢).

For a left key skew polynomial ¢ € R, we write (0,9, p, ¢) = min{u(r(¢,a)) —p(a); a € R, 0 <
deg(a) < deg(¢)} and we call I(0,d, i, ¢) the left compatibility index of ¢ with respect to p.
Therefore, the compatibility property means I(c,d, u, ¢) > ()

In a similar way as in Theorem 3.4, we have the following result.

Proposition 6.3. With the above assumptions and notation, let ¢ be a left key skew polynomial
for p and 7 € R be such that 1(c,0, u,¢) > 7 > p(¢). Let us write pu,(g) = min{u(g;) +ir; 0 <
i <r} foreachg € R, where g =Y ._, g;¢" with deg(g;) < deg(¢), 0 <i <r. Then pu, € Val(R).
Furthermore, u =< pr and p-(f) = p(f) for each f € R such that deg(f) < deg(o).

We point out that Proposition 6.3 is nothing but Theorem 4.2 of [M] and as in that paper we
call u, an augmented valuation of y and we write p, = [p; p(¢p) = 7]. (See also section
3)

The next result characterize left key skew polynomial in terms of the natural partial order on
the set Val(R).

Theorem 6.4. With the above assumptions and notation, let ¢ € R be a monic left skew
polynomial. Then ¢ is a left key skew polynomial for p if and only if there exists i € Val(R)
such that p < 1 and ¢ € ®(p, i1).

Proof. The necessary condition is consequence of Proposition 6.3.

For the sufficient condition, since the monicity and compatibility properties with respect to u are
verified for every ¢ € ®(u, 1), we only must prove minimal degree and irreducibility properties
with respect to p.

First, we proof that ¢ satisfies the minimal degree property with respect u. If f € R is left

p-divisible by ¢ and deg(f) < deg(¢), then pu(f — ho) > u(f) = p(he). Since, pu(f) = A(f) and
u(ho) < p(he), we get u(f) = p(f) < min{a(f — ho), a(he)} which is a contradiction.

In order to see the irreducibility property with respect to u, let f,g € R be such that fg is
left p-divisible by ¢ and assume that neither f nor g are left p-divisible by ¢. Let us consider
h € R such that u(fg — he) > pu(fg) = p(he) and write f = g + ry and g = g4¢ + 14 with
0 < deg(ry),deg(ry) < deg(¢).

Since f is not left p-divisible by ¢, then u(ry) < p(f). Moreover, if p(ry) < p(f), then f(ry) =
p(re) < p(f) < p(f) and g(ry) = p(ry) = ulgrd) < p(gsd), which is a contradiction. Hence,
pu(ry) = p(f) and similarly p(rg) = u(g).

Furthermore, we have fg — h¢ = A+ ryry, where A = qrpgep + rrqqe0 + qséry — ho. Since

u(fg —he) > u(fg) = plryrg) = [i(rsrg), then p(A) = u(rsrg) = f(ryrg). Thus, i(fg — he) >
w(fg—he) > p(rery) and g(A) > pu(A) = u(ryry), which is a contradiction.

O
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6.1. Examples. To finish the paper, we give two examples for which I(o,d, u,¢) = oo. The
examples are given under the assumption that ¢ is the identity map on D and the reader can
recognize ¢ as a central element of R = D[T; 1p,d] = D[T; 0] according with the characterization
given by Amitsur Theorem (see [J], Theorem 1.1.32). Note that I(c,d, u, ) = oo if and only
if for every a € R with deg(a) < deg(¢) there exists a’ € R such that ¢a = a'¢ if and only if
oR C Ro.

6.1.1. Zero characteristic case. Let D = C(X; o) be the Ore quotient ring of C[X; 0,0] = C[X; o],
where o is the conjugation automorphism on C. Note that D is a division ring. (See chapter 6
of [GW] for details on Ore quotient rings.)

Let § be the inner derivation on D associated with i € C (i.e. d(a) = ia — ai for each a € D.)
Note that §(X?7*1) = 2i X271 and §(X?") = 0. We write R = D[T;1p,d] = D[T}; ).

Let us also write degy the usual degree in C[X; o] and denote by v the valuation —degy on D.
We have v(6(P(X))) > v(P(X)) for each P(X) € C[X;0]. In particular, v(6(a)) > v(a) for each
a € D. Therefore, we can consider yo : R — R the extension of v given by po(T) = 0. (See
Proposition 4.5 of [CZ].)

We note that T' — i is a central element of R, since d is the inner derivation associated with 7.
Moreover, since T' — i has degree one, it is easy to check that T' — 7 is a left skew key polynomial
for po and obviously I(1p,d, po, T — i) = 0.

6.1.2. Positive characteristic case. Let D = K(X,Y) be the field of rational functions in two
variables over a commutative field K of characteristic p > 0. Let v : D — R be the monomial
valuation given by v(X) = 1 and v(Y) = S, where § € R is a non-negative irrational num-
ber. Recall that v(3- <, j<p, aijX'Y7) = min{i + B7; aij # 0} for each Y7 ;) ai X'V €
K[X)Y].

Let n be a non-negative integer, such that n — § > 1/p, ¢ the K-derivation on D given by 6 =
X"a% and write R = D[T;1p, 8] = D[T;§]. Tt is easy to check that v(§(a))—v(a) >n—F>1/p
for each @ € D. Let up : R — R be the extension of v such that puo(7T) = 1/p. (See Proposition
4.5 of [CZ].)

Since 0P(a) = 0 for each a € D, then TP — X commutes with every element of D. Moreover,
since X commutes with T, then TP — X commutes with every monomial a7, a € D and hence
with every left skew polynomial of R.

Finally, we point out that T? — X is a left key skew polynomial for pug with I(p,T? — X) = oc.
Note that we must only see that TP — X verifies irreducibility and minimal degree properties for
wo- This is quite technical and we do not include the proof here.
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