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Abstract. Based on the theory of ball spaces introduced by Kuhlmann
and Kuhlmann we introduce and study Caristi�Kirk and Oettli�Théra
ball spaces. We show that if the underlying metric space is complete,
then these have a very strong property: every ball contains a single-
ton ball. This fact provides quick proofs for several results which are
equivalent to the Caristi�Kirk Fixed Point Theorem, namely Ekeland's
Variational Principles, the Oettli�Théra Theorem, Takahashi's Theorem
and the Flower Petal Theorem.

1. Introduction

1.1. General setting. The literature on complete metric spaces contains
remarkable results such as the Theorem of Caristi and Kirk ([2] and [4]),
Ekeland's Principle ([3]), Takahashi's Theorem ([12]) and the Flower Petal
Theorem ([11]). These theorems are known to be equivalent (see, e.g., [11],
[10]). Their statements can be found in Section 4.
The concept of a ball space was �rst introduced by F.-V. and K. Kuhlmann

in [6],[7]. In [8] they connected it with the Caristi�Kirk Fixed Point Theo-
rem (FPT) by providing a way to prove it using ball spaces techniques. In
this paper we further develop this connection by proving Theorem 2 which
provides a generic method to obtain simple proofs of all the results men-
tioned in the previous paragraph and, possibly, related ones in the future.
In [10], Oettli and Théra introduced an alternative approach to the Caristi�

Kirk Theorem and showed it to be equivalent to what was later (in publica-
tions such as [9]) called Oettli�Théra Theorem. Our method can be applied
to easily prove this theorem as well as the theorems equivalent to it, which
are stated in [10] (see Section 3).

1.2. Ball spaces. As in [8], by a ball space we mean a pair (X,B), where
X is a nonempty set and B ⊆ P(X) is a nonempty family of nonempty
subsets of X. An element B ∈ B is called a ball. If no confusion arises, we
will write B in place of (X,B) when speaking of a ball space.
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A nest of balls in a ball space B is a nonempty family N of balls from
B which is totally ordered by inclusion. We say that a ball space B is
spherically complete if for every nest of balls N ⊆ B we have

⋂
N 6= ∅.

Further details about ball spaces may be found in [5].

De�nition 1. A ball space (X,B) is strongly contractive if there is a func-
tion that associates to every x ∈ X some ball Bx ∈ B such that, for every
x, y ∈ X, the following conditions hold:

(1) x ∈ Bx;
(2) if y ∈ Bx then By ⊆ Bx;
(3) if y ∈ Bx \ {x} then By ( Bx.

This particular type of ball spaces has a remarkable property, stated in
the following theorem.

Theorem 2. In every spherically complete, strongly contractive ball space
every ball Bx contains a singleton ball. In other words, there exists a ∈ Bx

such that Ba = {a}.
Proof. Let B be a strongly contractive, spherically complete ball space and
Bx ∈ B any ball. Consider the family

A = {N ⊆ P(Bx) | N is a nest of balls in B}.
This family is partially ordered by inclusion and nonempty since {Bx} ∈ A.
If we have a chain of nests in A, the union of that chain is again a nest of
balls in A, hence an upper bound of the chain. By Zorn's Lemma we obtain
the existence of a maximal nest M ∈ A. Since the space is spherically
complete, there exists an element a ∈

⋂
M. Since a ∈ B for every B ∈M,

by condition (2) of De�nition 1 also Ba ⊆ B for every B ∈ M and so
Ba ⊆

⋂
M. This means that M ∪ {Ba} is a nest of balls in A which

contains M. By maximality of M we get that M ∪ {Ba} = M, i.e.,
Ba ∈ M. Now we wish to show that Ba is a singleton. Suppose that there
exists an element b ∈ Ba \ {a}. Then Bb ( Ba (in particular, Ba 6⊆ Bb)
and so Bb /∈ M. But this means that M ∪ {Bb} is a nest of balls that
properly contains M, which contradicts the maximality of M. Therefore,
Ba = {a}. �

2. Caristi�Kirk and Oettli�Théra ball spaces

In this section, we will be working with a nonempty metric space (X, d).

2.1. Caristi�Kirk ball spaces. Consider a function ϕ : X → R, a point
x ∈ X and the following set:

Bϕ
x = {y ∈ X | d(x, y) ≤ ϕ(x)− ϕ(y)}.

Since Bϕ
x 6= ∅ (because x ∈ Bϕ

x ), we may think of this set as a ball and
consider the ball space (X,Bϕ) where

Bϕ := {Bϕ
x | x ∈ X} .
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We will call the function ϕ a Caristi�Kirk function on X if it is lower
semicontinuous, that is,

∀
y∈X

lim inf
x→y

ϕ(x) ≥ ϕ(y),

and bounded from below, that is,

inf
x∈X

ϕ(x) > −∞.

The corresponding balls Bϕ
x have been introduced in [8] as the Caristi�Kirk

balls and Bϕ is the induced Caristi�Kirk ball space. For brevity, we will
write CK in place of Caristi�Kirk.
A number of remarkable properties of the balls de�ned above, given in

the following lemma, can be found in [8].

Lemma 3. Take a metric space (X, d) and any function ϕ : X → R. Then
the following assertions hold.

(1) For every x ∈ X, x ∈ Bϕ
x .

(2) If y ∈ Bϕ
x then Bϕ

y ⊆ Bϕ
x ; if in addition x 6= y, then Bϕ

y ( Bϕ
x and

ϕ(y) < ϕ(x).
(3) If ϕ is lower semicontinuous, then all CK balls Bx are closed in the

topology induced by the metric.

Lemma 3 immediately yields the following result.

Corollary 4. The CK ball space Bϕ is strongly contractive.

Another important fact about CK ball spaces may also be found in [8]:

Proposition 5. Let (X, d) be a metric space. Then the following statements
are equivalent:

(i) The metric space (X, d) is complete.
(ii) Every CK ball space (X,Bϕ) is spherically complete.

(iii) For every continuous function ϕ : X → R bounded from below, the
CK ball space (X,Bϕ) is spherically complete.

2.2. Oettli�Théra ball spaces.

De�nition 6. A function φ : X × X → (−∞,+∞] is an Oettli�Théra
function on X if the following properties hold:

(a) φ(x, ·) : X → (−∞,+∞] is lower semicontinous for all x ∈ X;

(b) φ(x, x) = 0 for all x ∈ X;

(c) φ(x, y) ≤ φ(x, z) + φ(z, y) for all x, y, z ∈ X;

(d) there exists x0 ∈ X s.t. inf
x∈X

φ(x0, x) > −∞.

If an element x0 ∈ X satis�es property (d), we will call it an Oettli�Théra
element for φ in X. If it is clear which space is considered, we will say that
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φ is an Oettli�Théra function and that x0 is an Oettli�Théra element for φ.
For brevity, we will write OT in place of Oettli�Théra.

De�nition 7. Let φ be an OT function on X.

(i) The OT ball of x ∈ X is:

Bφ
x := {y ∈ X | d(x, y) ≤ −φ(x, y)}.

If no confusion arises as to which OT function is considered, we will
write Bx in place of Bφ

x . This gives rise to a ball space (X,Bφ),
where

Bφ := {Bx | x ∈ X}.
(ii) The OT ball space generated by an OT element x0 is (Bx0 ,Bφx0) where

Bφx0 := {Bx | x ∈ Bx0}.

In this subsection, if an OT element x0 ∈ X has been �xed, we
will write for brevity B0 in place of Bx0.
It is worth noting that if we are given a CK function ϕ, we may de�ne φ

by:

(1) φ(x, y) := ϕ(y)− ϕ(x).

The following fact is straightforward to prove.

Fact 8. If ϕ is a CK function, then the function φ : X × X → R de�ned
in (1) is an OT function. Moreover, every x ∈ X is an OT element for φ.

As we know from Corollary 4, the CK ball space is strongly contractive.
A similar result can be shown for the OT ball space.

Lemma 9. Take a metric space (X, d) and φ : X × X → R a function
satisfying (b) and (c) in De�nition 6. Then the following assertions hold,
for every x ∈ X.

(1) x ∈ Bx.
(2) If y ∈ Bx then By ⊆ Bx.
(3) If y ∈ Bx \ {x} then By ( Bx and φ(x, y) < φ(y, x).

Proof.
(1): Indeed, d(x, x) = −φ(x, x) = 0.
(2): Take y ∈ Bx, i.e.,

d(x, y) ≤ −φ(x, y).

Take any z ∈ By, then
d(y, z) ≤ −φ(y, z).

By condition (c) for an OT function we get

d(x, z) ≤ d(x, y) + d(y, z) ≤ −φ(x, y)− φ(y, z) ≤ −φ(x, z),

so z ∈ Bx and, as a result, By ⊆ Bx.
(3): Let y ∈ Bx and y 6= x. We wish to show that x /∈ By. Suppose that
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x ∈ By. Then d(y, x) ≤ −φ(y, x) and by conditions (b) and (c) for an OT
function we get

0 < d(y, x) + d(x, y) ≤ −φ(y, x)− φ(x, y) ≤ −φ(y, y) = 0,

contradiction. Thus x /∈ By and so By ( Bx. Clearly, this also implies

−φ(y, x) < d(x, y) ≤ −φ(x, y).

�

Lemma 9 instantly yields the following corollary.

Corollary 10. For an OT function φ on X, the ball space Bφ is strongly
contractive. Furthermore, for a �xed OT element x0 for φ in X the OT ball
space Bφx0 is also strongly contractive and all of its balls are contained in B0.

As stated in Fact 8, for the OT function φ de�ned in (1) every x ∈ X is
an OT element. While this doesn't have to be true in general for any OT
function φ, this property turns out to be `hereditary' in the following sense.

Lemma 11. Let φ be an OT function. If x0 ∈ X is an OT element for φ
in X and x ∈ B0 then also x is an OT element for φ in X.

Proof. Let r ∈ R be such that

inf
y∈X

φ(x0, y) ≥ r.

Take any x ∈ B0. Note that 0 ≤ d(x0, x) ≤ −φ(x0, x). For every y ∈ X we
have

r ≤ φ(x0, y) ≤ φ(x0, x) + φ(x, y),

so
φ(x, y) ≥ r − φ(x0, x).

In particular,
inf
y∈X

φ(x, y) ≥ r − φ(x0, x) ≥ r.

�

As stated in Proposition 5, there is an equivalence between complete-
ness of a metric space and spherical completeness of the respective CK ball
spaces. A similar result can be shown for the OT ball spaces. For that we
will need to state an auxiliary lemma �rst.

Lemma 12. Let (X, d) be a metric space, φ an OT function on X and x0
an OT element for φ in X. Moreover, let N ⊆ Bφx0 be a nest of balls and
write N = {Bx | x ∈ A} for some set A ⊆ B0. Then for every x, y ∈ A we
have

(2) d(x, y) ≤ |φ(x0, x)− φ(x0, y)|.
Moreover, the following statements are equivalent for every x, y ∈ A:

(i) y ∈ Bx,
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(ii) φ(x, y) ≤ φ(y, x),
(iii) φ(x0, y) ≤ φ(x0, x).

Proof. For every x, y ∈ A either x ∈ By or y ∈ Bx since N is a nest, so

(3) d(x, y) ≤ max{−φ(x, y),−φ(y, x)}.

If the above maximum is equal to −φ(x, y), we have

d(x, y) ≤ −φ(x, y) ≤ φ(x0, x)− φ(x0, y) ≤ |φ(x0, x)− φ(x0, y)|.

Similarly, if the maximum is equal to −φ(y, x), we have

d(x, y) ≤ −φ(y, x) ≤ φ(x0, y)− φ(x0, x) ≤ |φ(x0, x)− φ(x0, y)|.

Either way, we deduce (2).
To prove (i)⇔ (ii) assume y ∈ Bx. If y = x then (ii) is trivial. If y 6= x

then, by assertion (3) of Lemma 9 we have

−φ(y, x) < −φ(x, y).

Hence (ii) follows. Conversely, if y /∈ Bx (in particular, y 6= x) then x ∈ By\
{y}. As a result, again by assertion (3) of Lemma 9, −φ(x, y) < −φ(y, x).
To prove (i)⇔ (iii) we proceed as follows. If y ∈ Bx then

0 ≤ d(x, y) ≤ −φ(x, y) ≤ −φ(x0, y) + φ(x0, x),

thus φ(x0, x) ≥ φ(x0, y). For the converse, if y /∈ Bx then x ∈ By and so

0 < d(x, y) ≤ −φ(y, x) ≤ −φ(x0, x) + φ(x0, y),

hence φ(x0, x) < φ(x0, y). �

Proposition 13. A metric space (X, d) is complete if and only if the OT
ball space (Bφ

x0
,Bφx0) is spherically complete for every OT function φ on X

and every OT element x0 for φ in X.

Proof. Suppose that for every OT function φ and every OT element x0 for
φ in X the ball space (B0,Bφx0) is spherically complete. We wish to show
that the ball space (X,Bϕ) is spherically complete for every CK function ϕ
on X, which by Proposition 5 will yield the completeness of the space X.
Take any CK function ϕ on X, consider the ball space (X,Bϕ) and �x

any nest of balls N in Bϕ. Pick some Bϕ
x0
∈ N and consider the nest

N0 = {B ∈ N | B ⊆ Bϕ
x0
}.

By Fact 8 x0 is an OT element for the OT function φ de�ned as in (1).
Moreover, for every x ∈ X such that Bϕ

x ⊆ Bϕ
x0
, we have Bϕ

x = Bφ
x , hence

N0 is a nest in the OT ball space (Bφ
x0
,Bφx0). By assumption we then obtain

that ∅ 6=
⋂
N0 =

⋂
N .

For the converse, assume that X is complete. Fix any OT function φ on
X and any OT element x0 for φ in X. Take a nest of balls N in the ball
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space Bφx0 and write N = {Bx | x ∈ A} for some set A ⊆ B0. By assumption
on x0 there exists

r := inf
x∈A

φ(x0, x) ∈ R.

Let (xn)n∈N be a sequence of elements in A such that

lim
n→∞

φ(x0, xn) = r.

Then (φ(x0, xn))n∈N is a Cauchy sequence because it converges to r. By
Lemma 12 the sequence (xn)n∈N is also Cauchy. SinceX is complete, (xn)n∈N
converges to an element z ∈ X. We want to show that z ∈

⋂
N or,

equivalently, that z ∈ Bx for every x ∈ A. Fix an arbitrary element x ∈ A.
If φ(x0, x) = r (in particular, the in�mum is achieved) then by Lemma 12
we get that x = z, because

d(xn, x) ≤ |φ(x0, xn)− φ(x0, x)| = |φ(x0, xn)− r| → 0,

showing that x is a limit of (xn)n∈N. Hence in this case we obtain that
z ∈ Bx trivially. Therefore we may assume that φ(x0, x) > r. Then from the
de�nition of (xn)n∈N we obtain the existence of N ∈ N such that, for every
n ≥ N , we have φ(x0, xn) ≤ φ(x0, x). This, by Lemma 12, is equivalent to
φ(x, xn) ≤ φ(xn, x). Therefore, for every n ≥ N ,

d(x, xn) ≤ max{−φ(x, xn),−φ(xn, x)} = −φ(x, xn),

where the �rst inequality is deduced similarly to (3). Taking lim sup on
both sides we get

d(x, z) ≤ lim sup
n→∞

−φ(x, xn) ≤ −φ(x, z),

so that z ∈ Bx. Since x ∈ A was an arbitrary element, we get z ∈
⋂
N as

claimed. �

Remark 14. Proposition 13 does in general not hold for the ball space Bφ
in place of Bφx0 . Take the complete metric space R, where d(x, y) = |x− y|,
and consider φ : R× R→ R de�ned as:

φ(x, y) =

{
x− y if x 6= 0

0 if x = 0
.

This is an OT function and yields balls of the form

Bx = {y ∈ X | |x− y| ≤ y − x} = [x,∞).

In the corresponding ball space we have a nest of balls with empty intersec-
tion, namely,

{[n,+∞) | n ∈ N}.

Armed with the theory introduced so far, we can prove an important
property of OT (and as a result, also CK) ball spaces in a complete metric
space.
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Proposition 15. Let (X, d) be a complete metric space.

(1) If φ is an OT function on X then for every OT element x0 for φ in
X there exists an element a ∈ B0 such that Bφ

a = {a}.
(2) If ϕ is a CK function on X then for every x ∈ X there exists a ∈ Bϕ

x

such that Bϕ
a = {a}.

Proof. Assertion (2) follows from assertion (1) by Fact 8. To prove assertion
(1) let φ, x0 and B0 be as in the assumption of the Proposition. By Propo-
sition 13 the OT ball space Bφx0 is spherically complete, and by Corollary
10 it is strongly contractive. Theorem 2 yields the result. �

2.3. Generalized Caristi�Kirk ball spaces. Consider a function ϕ̃ :
X → (−∞,+∞] which is lower semicontinuous, bounded from below and
not constantly equal to +∞. We will call such ϕ̃ a CK∞ function on X.
In this setting we may de�ne the CK∞ balls as follows:

Bϕ̃
x := {x ∈ X | ϕ̃(y) + d(x, y) ≤ ϕ̃(x)}.

If an element x0 ∈ X satis�es ϕ̃(x) < +∞, we will call it a CK element for
ϕ̃ in X (or simply a CK element).
An easy observation is that every CK function is a CK∞ function. How-

ever, for a CK∞ function ϕ̃, setting

(4) φ(x, y) := ϕ̃(y)− ϕ̃(x)

as we did in the CK case (1), may not make sense. Indeed, in the case
ϕ̃(x) = +∞ = ϕ̃(y) there is no natural choice for the value of φ(x, y).
In this subsection, if a CK element x0 is �xed, we will write B0

in place of Bϕ̃
x0
.

For a CK element x0 we de�ne the CK
∞ ball space generated by x0 as the

ball space (B0,Bϕ̃x0), where:

Bϕ̃x0 := {Bϕ̃
x | x ∈ B0}.

Note that in general the ball space {Bϕ̃
x | x ∈ X} is not strongly contractive.

Indeed, if x, y ∈ X, x 6= y, satisfy ϕ̃(x) = ϕ̃(y) = +∞, then Bϕ̃
x = X = Bϕ̃

y .
However, if we work inside a CK∞ ball space, strong contractiveness holds,
as stated in the following lemma.

Lemma 16. Take a metric space (X, d), any function ϕ̃ : X → (−∞,+∞].
Then the following assertions hold for every x ∈ X.

(1) x ∈ Bϕ̃
x .

(2) If y ∈ Bϕ̃
x then Bϕ̃

y ⊆ Bϕ̃
x and ϕ̃(y) ≤ ϕ̃(x).

(3) Let x ∈ X be such that ϕ̃(x) < +∞ and let y ∈ Bϕ̃
x \ {x}. Then

Bϕ̃
y ( Bϕ̃

x and ϕ̃(y) < +∞.

Proof.
(1): Indeed, ϕ̃(x) + d(x, x) = ϕ̃(x).
(2): If ϕ(x) = +∞ then Bϕ̃

x = X and Bϕ̃
y ⊆ Bϕ̃

x as well as ϕ̃(y) ≤ ϕ̃(x)
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trivially. Now assume that ϕ̃(x) < +∞ and y ∈ Bϕ̃
x . Then also ϕ̃(y) < +∞

because
ϕ̃(y) ≤ ϕ̃(x)− d(x, y) ≤ ϕ̃(x) < +∞.

Take any z ∈ Bϕ̃
y . Through the same reasoning as above, we can see that

ϕ̃(z) < +∞ and therefore we may write

d(x, z) ≤ d(x, y) + d(y, z)

≤ ϕ̃(x)− ϕ̃(y) + ϕ̃(y)− ϕ̃(z)

= ϕ̃(x)− ϕ̃(z),

which shows that z ∈ Bϕ̃
x . Since z ∈ Bϕ̃

y was arbitrary, we deduce that

Bϕ̃
y ⊆ Bϕ̃

x .

(3): Assume that ϕ̃(x) < +∞ and y ∈ Bϕ̃
x \ {x}. From assertion (2) of our

lemma we know that ϕ̃(y) < +∞ and Bϕ̃
y ⊆ Bϕ̃

x . Suppose that x ∈ Bϕ̃
y . In

that case
ϕ̃(y) + d(x, y) ≤ ϕ̃(x)

and
ϕ̃(x) + d(x, y) ≤ ϕ̃(y).

Adding up these inequalities, taking into account that ϕ̃(x) < +∞ and
ϕ̃(y) < +∞, we obtain

0 < 2d(x, y) ≤ ϕ̃(x)− ϕ̃(y) + ϕ̃(y)− ϕ̃(x) = 0,

contradiction. So we must have x /∈ Bϕ̃
y , hence B

ϕ̃
y ( Bϕ̃

x . �

From assertion (3) of Lemma 16, we obtain:

Corollary 17. Let x0 be a CK element for a CK∞ function ϕ̃. Then for
every y ∈ B0, y is also a CK element for ϕ̃. Further, ϕ̃|B0 is a CK function
and (B0,Bϕ̃x0) is a CK ball space in the sense of Section 2.1.

Before we state another property of CK∞ balls, it is worth noting that
the proofs of Lemma 16 and Lemma 18 are similar (or, at times, identical)
to the original proof of Lemma 3, which can be found in [8]. This comes
from the fact that for a CK element x0, the set ϕ̃(B0) does not contain
in�nity, so these balls keep the properties of the `original' CK balls.

Lemma 18. For every x ∈ X and every CK∞ function ϕ̃, the ball Bϕ̃
x is

closed in the topology induced by the metric.

Proof. The complement {y ∈ X | d(x, y) + ϕ̃(y) > ϕ̃(x)} of Bϕ̃
x is the

preimage of the �nal segment (ϕ̃(x),+∞] of (−∞,+∞], which is open in
the Scott topology, under the function

X 3 y ψ7−→ d(x, y) + ϕ̃(y).

Whenever ϕ̃ is lower semicontinuous, then so is ψ and this preimage is open
in X. �
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We are now ready to prove a result analogous to Propositions 5 and 15.

Proposition 19. Let (X, d) be a complete metric space and ϕ̃ be a CK∞

function on X. If x0 ∈ X then there exists a ∈ Bϕ̃
x0

such that Bϕ̃
a = {a}.

Proof. Consider a complete metric space (X, d), �x any element x0 ∈ X and
consider the ball B0 := Bϕ̃

x0
.

Assume �rst that x0 is a CK element for ϕ̃ in X. As we know from
Lemma 18, B0 is closed, hence complete. Moreover, the function ϕ := ϕ̃|B0

is a CK function. Note that for every x ∈ B0 we have

Bϕ
x = {y ∈ B0 | d(x, y) ≤ ϕ(x)− ϕ(y)}
⊆ Bϕ̃

x = {y ∈ X | ϕ̃(y) + d(x, y) ≤ ϕ̃(x)}.
We wish to show that the above sets are equal. By assertion (2) of Lemma 16
we know that Bϕ̃

x ⊆ B0. On B0 we have ϕ = ϕ̃ so that the values of ϕ̃ are
�nite and ϕ̃(y) +d(x, y) ≤ ϕ̃(x) is equivalent to d(x, y) ≤ ϕ(x)−ϕ(y). This
yields Bϕ̃

x ⊆ Bϕ
x .

Since ϕ is a CK function on a complete metric space B0, we may apply
assertion (2) of Proposition 15 to the CK ball space (B0,Bϕx0), to acquire
a ∈ B0 such that

{a} = Bϕ
a = Bϕ̃

a .

Assume now that x0 ∈ X is not a CK element for ϕ̃. Then we obtain
that B0 = X. Inside the ball B0 we may thus �nd a CK element x1 for ϕ̃.
From what we have proved above there exists a ∈ Bϕ̃

x1
⊆ X = B0 such that

Bϕ̃
a = {a}. �

3. Applications of Proposition 15

In this section we give simple proofs for a number of known theorems,
in versions that involve OT functions, by applying Proposition 15. Note
that the multivalued Caristi�Kirk FPT, Ekeland's Principle and Takahashi's
Theorem have already been proved in the OT form in [10] using the Oettli�
Théra Theorem. The original versions of these theorems are listed in Sec-
tion 4.

Theorem 20 (Caristi�Kirk FPT, OT form). Let (X, d) be a complete met-
ric space and φ an OT function on X. If a function f : X → X satis�es:

(5) ∀
x∈X

d(x, f(x)) ≤ −φ(x, f(x)),

then f has a �xed point on X, i.e., there exists an element a ∈ X such that
f(a) = a.

Proof. Condition (5) implies that for every x ∈ X we have

f(x) ∈ Bx.

Proposition 15 gives us the existence of a ∈ X such that Ba = {a}. In
particular, since f(a) ∈ Ba, we have f(a) = a. �
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Theorem 21 (Caristi�Kirk FPT, multivalued version, OT form). Let (X, d)
be a complete metric space and φ an OT function on X.
If a function F : X → P(X) satis�es:

(6) ∀
x∈X
∃

y∈F (x)
d(x, y) ≤ −φ(x, y),

then F has a �xed point on X, i.e., there exists a ∈ X such that a ∈ F (a).

Proof. Condition (6) means that for every x ∈ X there exists y ∈ F (x)∩Bx.
In particular, for x = a with a ∈ X given by Proposition 15 we obtain

y ∈ F (a) ∩Ba ⊆ {a},

whence a = y ∈ F (a). �

Theorem 22 (Basic Ekeland's Principle, OT form). Let (X, d) be a com-
plete metric space and φ an OT function on X. There exists a ∈ X such
that

(7) ∀
x∈X\{a}

− φ(a, x) < d(a, x).

Proof. Property (7) is equivalent to Ba = {a} and the existence of such
a ∈ X follows from Proposition 15. �

Theorem 23 (Altered Ekeland's Principle, OT form). Let (X, d) be a com-
plete metric space and φ an OT function on X. For any γ > 0 and any OT
element x0 for φ in X there exists a ∈ X such that

(8) ∀
x∈X\{a}

− φ(a, x) < γd(a, x)

and

(9) − φ(x0, a) ≥ γd(x0, a).

Proof. Since γ > 0, the function ψ := γ−1φ is an OT function on X, so we
can work with ψ and the respective ball space Bψ.
We apply Proposition 15 to the given complete metric space X, the func-

tion ψ and the ball B0 := Bψ
x0
. This gives us the existence of an element

a ∈ B0 such that Bψ
a = {a}. Now, the assertion a ∈ B0 means that

d(x0, a) ≤ −ψ(x0, a) = −γ−1φ(x0, a),

which is equivalent to property (9). Similarly, Bψ
a = {a} implies

∀
x∈X\{a}

d(a, x) > −ψ(a, x) = −γ−1φ(a, x),

which is equivalent to property (8). �
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Theorem 24 (Ekeland's Usual Variational Theorem, OT form). Let (X, d)
be a complete metric space and φ an OT function on X. Fix ε ≥ 0 and
x0 ∈ X such that −ε ≤ infx∈X φ(x0, x). Then for any γ > 0 and δ ≥ 0
with γδ ≥ ε there exists a ∈ X such that d(a, x0) ≤ δ and a is the strict
minimum point of the function φγ : X → (−∞,+∞] de�ned as

φγ(x) = φ(a, x) + γd(x, a).

Proof. Take ε ≥ 0 and x0 as in the assumptions of the theorem, and �x
arbitrary real numbers γ > 0 and δ ≥ 0 such that γδ ≥ ε. The function
ψ := γ−1φ : X × X → (−∞,+∞] is an OT function on X, so we can
apply Proposition 15 with the function ψ and B0 := Bψ

x0
(note that x0 is

an OT element for ψ in X). We deduce the existence of a ∈ B0 such that
Bψ
a = {a}. Now, the property a ∈ B0 means that

d(x0, a) ≤ −ψ(x0, a),

or in other words:

γd(x0, a) ≤ −φ(x0, a) ≤ − inf
x∈X

φ(x0, x) ≤ ε ≤ γδ.

Thus,

d(a, x0) = d(x0, a) ≤ δ.

The property Ba = {a} means that for every x ∈ X \ {a} we have that

d(x, a) > −ψ(a, x) = −γ−1φ(a, x).

From this we obtain that

φγ(x) = φ(a, x) + γd(x, a) > 0 = φγ(a),

which means that a is the strict minimum point of the function φγ. �

De�nition 25. Let (X, d) be a metric space. Take γ ∈ (0,∞) and a, b ∈ X.
The petal associated with γ and a, b is the subset Pγ(a, b) of X de�ned as
follows:

Pγ(a, b) = {y ∈ X | γd(y, a) + d(y, b) ≤ d(a, b)}.

Theorem 26 (Flower Petal Theorem). Let M be a complete subset of a
metric space (X, d). Take x0 ∈ M and b ∈ X \M . Then for each γ > 0
there exists a ∈ Pγ(x0, b) ∩M such that

Pγ(a, b) ∩M = {a}.

Proof. We use the notation from the assertion of the theorem. As γ > 0,
the function ϕ : M → R given by

ϕ(x) := γ−1d(x, b)

is a CK function on M . In this setting we have, for every x ∈M ,

Pγ(x, b) ∩M = {y ∈M | d(x, y) ≤ ϕ(x)− ϕ(y)} = Bϕ
x .
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To conclude we use assertion (2) of Proposition 15 with M in place of X
and x := x0, which yields the existence of a ∈ Bϕ

x0
= Pγ(x0, b) ∩M such

that

{a} = Bϕ
a = Pγ(a, b) ∩M.

�

Theorem 27 (Takahashi, OT form). Let (X, d) be a complete metric space,
φ an OT function on X and x0 ∈ X an OT element for φ in X. Assume
that for every u ∈ Bx0 with infx∈X φ(u, x) < 0 there exists v ∈ X such
that v 6= u and d(u, v) ≤ −φ(u, v). Then there exists a ∈ Bx0 such that
infx∈X φ(a, x) = 0.

Proof. Proposition 15 gives us the existence of a ∈ Bx0 such that Ba = {a}.
If infx∈X φ(a, x) < 0, then by assumption there would exist v ∈ X \ {a}
such that d(a, v) ≤ −φ(a, v), which would mean that Ba is not a singleton,
contradiction. So infx∈X φ(a, x) ≥ 0, but φ(a, a) = 0 which proves the
claim. �

Theorem 28 (Oettli-Théra). Let (X, d) be a complete metric space, φ an
OT function on X and x0 ∈ X an OT element for φ in X. Let Ψ ⊆ X
have the property that

(10) ∀
x∈Bx0

\Ψ
∃

y∈X\{x}
d(x, y) ≤ −φ(x, y).

Then there exists a ∈ Bx0 ∩Ψ.

Proof. From Proposition 15 there exists a ∈ Bx0 such that Ba = {a}. If
a /∈ Ψ then, by assumption, Ba would contain another element y 6= a, which
would mean that Ba is not a singleton, contradiction. �

4. Applications of Proposition 19

Many of the theorems mentioned in the previous section have been orig-
inally stated and proved using the CK function ϕ. By Fact 8, proving the
version involving φ, through (1), will also automatically prove the version
involving ϕ. However, many sources (e.g., [11], [1]) cite the theorems in a
CK∞ form. As already remarked, we cannot directly de�ne an OT function
from a CK∞ function. Nevertheless, we can use Proposition 19 to prove
these versions in the same way we did in the previous section using Propo-
sition 15. Since the proofs are analogous to the ones stated in Section 3, we
will leave them to the reader.
Note that here we do not include the Oettli-Théra Theorem (since it has

originally been stated in the OT form) nor the Flower Petal Theorem (since
it does not include either of the functions).
For the following theorems, �x a complete metric space (X, d) and a CK∞

function ϕ̃ on X.
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Theorem 29 (Caristi-Kirk FPT, CK∞ form). If a function f : X → X
satis�es

∀
x∈X

ϕ̃(f(x)) + d(x, f(x)) ≤ ϕ̃(x)

then f has a �xed point on X, i.e., there exists an element a ∈ X such that
f(a) = a.

Theorem 30 (Caristi-Kirk FPT, multivalued version, CK∞ form). If a
function F : X → P(X) satis�es

(11) ∀
x∈X
∃

y∈F (x)
ϕ̃(y) + d(x, y) ≤ ϕ̃(x)

then F has a �xed point on X, i.e., there exists a ∈ X such that a ∈ F (a).

Theorem 31 (Basic Ekeland's Principle, CK∞ form). There exists a ∈ X
such that

∀
x∈X\{a}

ϕ̃(a) < ϕ̃(x) + d(a, x).

Theorem 32 (Altered Ekeland's Principle, CK∞ form). For all γ > 0 and
any x0 ∈ X there exists a ∈ X such that

∀
x∈X\{a}

ϕ̃(a) < ϕ̃(x) + γd(a, x)

and
ϕ̃(a) ≤ ϕ̃(x0)− γd(a, x0).

Theorem 33 (Ekeland's Usual Variational Theorem, CK∞ form). Let ε ≥ 0
and x0 ∈ X be such that ϕ̃(x0) ≤ inf ϕ̃(X) + ε. Then for any γ > 0 and
δ ≥ 0 with γδ ≥ ε there exists a ∈ X such that d(a, x0) ≤ δ and a is the
strict minimum point of the function

ϕ̃γ(x) = ϕ̃(x) + γd(x, a).

Theorem 34 (Takahashi, CK∞ form). Suppose that for each u ∈ X with
infx∈X ϕ̃(x) < ϕ̃(u) there exists v ∈ X such that v 6= u and ϕ̃(v) + d(u, v) ≤
ϕ̃(u). Then there exists a ∈ X such that infx∈X ϕ̃(x) = ϕ̃(a).
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